Chapter 6

Post-Newtonian of Spherical Symmetry






In this chapter spherically symmetric stars with their gravitational fields are
studied to post-Newtonian approximation. The equations of motion of the star
and the energy-momentum tensor are given. All these results agree with the
corresponding results of general relativity to 1-post-Newtonian accuracy
whereas to 2-post-Newtonian approximation the results are different from one
another. In particular, the theorem of Birkhoff is not valid. Hence, the theory of
gravitation in flat space-time and the general theory of relativity are different to
this accuracy.

6.1 Post-Newtonian Approximation of Non-Stationary
Stars

The equations describing a non-stationary spherically symmetric star
depending on the distance from the centre r of the star and the time ¢ are given
in chapter I1l. The field equations are stated in formula (3.12) with p —

p(1+?—2) where II denotes the specific internal energy. The equations of

motion are stated by (3.13) and the conservation of the whole energy-
momentum is given by (3.14). Furthermore, we have an equation of state
(3.15).1t is worth to mention that the equations of field (3.12) together with the
equations of motion (3.13) imply the equations of the whole energy-momentum
(3.14). Hence, the relations (3.14) can be omitted. The conservation law of mass
(1.29b) has the form

rZF( . (ar (r’Fypul) +— o7 (rzF(4)pu4)) =0 (6.1)

where u* is given by (3.6). Hence, we have eight functions £, g, h, F, p, p, 11 and
ul depending on r and £ and eight independent equations: (3.12) (four
equations), (3.13) (two equations), (6.1) (one equation) and (3.15) (one
equation).

A suitable combination of the equations of motion (3.13) yields

al? _E@_Eglog(fg F(4 h)l/2
P

{m_pcap_pc@.og(fg e h)m} (6.2)
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A Theory of Gravitation in Flat Space-Time

Hence, we replace equation (3.13b) by the simpler equation (6.2). In the
following we introduce the radial velocity v(r, t) instead of u* and u* given by

1/2 1/2
1o, 8 LRS- 6.3
U =v_-= v<1—ﬁ|3|2> Ut =c-= c(1_2|2|2> . (6.3)
fle fle

The post-Newtonian approximation assumes

p=0(1),v=0@), 2 =0(C12j,

- 1 1 (6.4)
—=0 =0(1), —==0 = |

P ar act c

We make the following ansatz for the post-Newtonian approximation
le‘% 5 0( 4)9 1- 2 +1482=0(14)
c C C
2, L 1 (6.5)
F(i)h:1+ S O( J =cf +C3S :O(CJ

Here, the functions U; (i=1,2,3), S;(i=1,2,3) are of order 0(1) and depend on
randt.

The boundary conditions must converge to zero as r goes to infinity. It holds

Fay=1+=2t=0(%) (6.63)
and
h=1+2Us+=(S5-252) = 0(3). (6.6b)

The post-Newtonian approximation implies

S, =5,=0. (6.7)
Hence, we get from the field equations (3.12) to O ( ) that
U=U,=Us=U (6.8)

which satisfies the differential equation
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10 (20U _ _
2 (r ar) = —4mkp. (6.92)
The third field equation gives to 0 (614)

10 (1 20(55-20%)) _ ,0%U _ pc’ 2

r2 or (T‘ or ) =2 ot? 8mkp (H +3 p +2v ) (6.9b)

where — must be calculated to 0(1). The last field equation implies to O ( )
10 ( 0%\ 205, _
r_ZE(T W) r2 ar 167rkpv.
This equation can be integrated by the use of the boundary conditions
implying

d a8,
iza_(rZ a_:) = 161k f_roo pvdx. (6.9¢)

The differential equations (6.9) must be solved by the use of the boundary
conditions.

The solutions of (6.9a) and (6.9¢) are

U = 4nk {%forxz p(x, t)dx — f; xp(x, f)dx},
16mk (1
S4 = Tn{? €5

Equation (6.1) gives by the use of (6.3), (6.5) and (6.6a) to 0(1)

(6.10a)

pvdx + %rz f; pvdx — %f; xzpvdx}. (6.10b)

9 L 10 2, .y
oty (2P =0
Differentiation of equation (6.9a) gives by the use of this relation

190 2 0 (0U _ a_p _ ii 2
r2or (1‘ 67"(61:)) = —4mk at 4nkr2 or (r*pv).

Elementary integration yields to 0(1)

ou r
o = 4mk . pvdx. (6.11)
Equation (6.9c¢) gives by differentiation and the use of (6.11)

18 ( 58 (85,)\) _ a9 (r _ L 9%U
r—za(r E(E)) = 16mk oz [, pvdx =

atz’
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A Theory of Gravitation in Flat Space-Time

Therefore, equation (6.9b) can be rewritten in the form

1 0 2 0 2 108, _ pCZ 2
——(r 2 (ss—2v —56—;)) = —8mkp (11 + 3%+ 2v ) (612

r2or

Let us now introduce the potentials in analogy to (5.14)
_ ler, r 2
= 4ﬂk(Fjo X pvedx —L XpV dxj,
1 pr r
¢, = drk (Fj.o xzpl‘ldx—.[w Xpl_ldxj, (6.13)

¢, = 4rnk [%J'Or x? pcdx —J'r xpczdxj.

The differential equation (6.12) has the solution

S; =207 + 255+ 2201 + 3 + 30). (6.10c)

The relations (6.10) give together with (6.5), (6.6), (6.7) and (6.8) the post-
Newtonian approximation.
The energy-momentum tensor of matter (3.7) can now be given to accuracy

T(M); =0(Cizj,(i=j=1—4)

- O(C%j,(i ~1j=4) (6.14a)
=0(3j,(i=4;j=1)
C

and the corresponding tensor of the gravitational field

1), =O(ij,(i ~j=1234)

CZ
(6.14b)

=0(Ci3j,(i —1j=4)(=4]=)

The expressions of these tensors to post-Newtonian approximation are
omitted but they can be found in the article [Pet 94a].
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We will now give the equations of motion to post-Newtonian accuracy of
0 (Ciz) We use the differential equations (3.13) with matter the tensor (3.7), the

differential equation (6.2) and the conservation law of mass (6.1). The post-
Newtonian approximations (6.5) with (6.6), (6.7) and (6.8) are used.
Furthermore, the representations (6.10) are introduced. After longer calculations

the following post-Newtonian approximations to 0 ( ) are received:

0, 1
5’?:———0 pY)
(6.15a)
1| opc’ Vo r
+C—2{v p» +47rk(2r—2j0 szdX+LVPdXH
oIl oIl
x o
) ) (6.15b)
pcz{_lzai( 2) Clz[vlapc +4rx k( Ixzpdx+3J' VdejJ:|
ov ov  109dpc? 1 pc? 2
= va e (1 (M e au +20?)]
ou 2 (pc?
+ aT(”Tz(T‘ZU))
4mk 01 4k x ~
—a I e (2t + 5y 0 Ddy) dx (6.150)

4-77.'k 1
cZ 2

v 10(r*v) (pe? | pc* 0 (PC) i(p_cz)
+czr2 ar <p+p6H +‘06p p

+ 27, (le for x2pdx + [ pvdx).

k ~
= I x%p (v2 + I+ X y2 p(y, t)dy) dx

c2

In the equation (6.15c) we have to eliminate U by relation (6.10a). Then, the
equations (6.15) are three integro-differential equations to post-Newtonian

approximation 0 ( ) for the three unknown functions v, p and I1. Let us assume
an equation of state

- =T1B(Il,p) (6.16)
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with a suitable function B. The boundary R(%) of the star follows from (6.15b)
with » = R(?):

2 (NR®, D) = ("’“(r D 4,0 ‘*)) (r = R®)~p(RD) = 0.

Therefore, we have that

NRE),E) = N(R(E,),E) = 0 (6.17)

if for a fixed time £, the relation (R (£,),£,) = 0 holds. Then, relation (6.17)
defines the boundary of the non-stationary star to post-Newtonian accuracy. The
equation (6.17) is independent of the equation of state (6.16) but (6.16) is in
agreement with (6.17).

The detailed longer derivations of the equations (6.15) are given in [Pet 94a].

We will now study the potentials in the exterior of the star, i.e. r > R(%). It
follows from relation (6.5) with (6.6), (6.7), (6.8) and (6.10)

frgr1-3U (6.18a)

308,

2 1
h~1+5U+ C—4(2U2 —>or T 2Q2¢1 + ¢3 + 3¢4)) (6.18b)

with
U=k Oooxzpdx
% 16mk 1 o0 36(pv)
at ~ 3 rfO ot dx
201 + s + 3, = [ x? p (202 114+ 32 )d.

It holds (see [Pet 94a)) that the gravitational mass to 0 (Ciz) is
oo 1 1
My = 4m [ xzp{l +§(H+EU+UZ)}dx (6.19a)

Hence, relation (6.18a) gives to 0 (Ciz)

f=g= (6.19b)

Relation (6.18b) can be rewritten by the use of (6.19a) to 0 (614)
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kM kM, Y’ . :
h~1+ 29+]; 2| =2 —%L st"iV)—xzp v +3P Lyl
cr ¢ cr r ot p 2

In the article [Pet 94a] it is shown that the last expression vanishes. Therefore,
we get to 0 (C%)

h~1+252+42 (kMg) . (6.19¢)
T

The relations (6.19) show that in the exterior of the star the theorem of
Birkhoff holds to post-Newtonian accuracy.

6.2 2-Post-Newtonian Approximation of a Non-Stationary
Star

We will in this sub-chapter only give some results of 2-post-Newtonian
approximation. The study is given in [Pet 94b] where the results are derived.
We make the ansatz

§sl,g=1_zu452,

c? c’

f =1—£2U +
¢ (6.20)

1
Foh=1+= U+C—48 SS,F ct+= S+C Se

where S;, S,, Ss and S, are of order 0(1) and U, S; and S, are already given in
chapter 6.1.

For 2-post-Newtonian the time-derivatives must be considered to higher
approximations, i.e. let y(r, t) be any function then the following approximation

is used

where (%) is the Newtonian approximation, (%) =0 (1) and (%) =
0 2 4

0 (1) are the 1-post-Newtonian and the 2-post-Newtonian approximations. We
get from (6.20) up to 2-post-Newtonianaccuracy

Fo=5e=1+5 (), + &G, + ()} 2
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h=1+2U :14{33_2(8_%j }
c c ot ),
1 {S 4U(aS j —2[8—%“) —2(8—916} }
c ot ), ot ), ot ),
In analogy to chapter 6.1 the expressions (6.20) and (6.22) are substituted
into the differential equations (3.12). We get by elementary longer calculations
differential equations for the 2-post-Newtonian approximations S;, S,, Ss and S,
whereas the functions U, S, and S; are given by (6.10). The solutions of these
equations are given as functions of p, p, [T and v. It is worth to mention that Sg
implies divergent integrals by the standard 2-post Newtonian approximation.

Hence, it is necessary to use retarded functions. Therefore, the expression of the

energy tensor contains retardations implying gravitational waves of the order

O(Ci) This is a well-known fact of higher order post-Newtonian

approximations also by the use of general relativity theory. This may be the
reason why higher order post-Newtonian approximations are not possible

implying divergent integrals. Furthermore, the expressions for Ser 5 656 and = 656

are not of order 0(1). Therefore, they do not fulfil the condition on 2- post-
Newtonian approximation. The whole energy-momentum tensors of matter and
of gravitational field can be given. The equations of motion and the
conservation of mass are also stated where the gravitational mass M, can be
given to accuracy O (Cis) We will now state the solution of the non-stationary

star in the exterior, i.e. r > R(f).

(6.22b)

It follows
2
fa-2ea()
LU [ p 7 y2 pdydx - S22 [ v
kM kMg\2 6.23
9= 9 3(czf) ( )

1 (8 (4mk)? oo k ~oo
_5{1—5 Iy 3 fy y2pdydx — -2 [ x* pv? dx},

) v ()

h =

g+2(
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1 { 8 kMg (41Ik)2 g4nk

M ® 3 2
Sl R Jo xpfypdydx+ f x* pv dx}

B (20 i 3 (5 )

T

_184mk (0 °°3( Pca") )
6615r(6tf x3p(4— v+v +xpax dx0

+ (O (2 [2 [ x4 [ pudydx + 222 [ x2pv [y *pdydx|) |

r

k 2
+ L k) (at (ﬁf xpf y pvdydx)) .

c¢ r

The derivations of all the mentioned results of chapter 6.2 are longer
calculations and they are not trivial. Therefore, only the exterior potentials (6.23)
of the star are stated. It immediately follows from (6.23) that Birkhoff’s theorem
is not valid by the use of 2-post-Newtonian approximation. This is in contrast to
the theory of Einstein. Hence, flat space-time theory of gravitation and the
general relativity theory of gravitation give different results to higher order
approximations.

The equations (6.23) give for a static spherically symmetric star up to 2-post-
Newtonian approximation

kM kM Y 2 o
it +2[ gj +i§ (47K) J Xspj y2 plydx,
c’r 0 0

clr c*15 r®

f=1-2

=1-2 +3 X3 dydx,
g c’r c’r c*15 r J. jypy

kM, (kMY (kM
+
c?r c’r clr

1 8 kM, (47zk) J & jypdydx

kM [ngz_lswnk)
(6.24)

It follows by comparing the two solutions (6.14) and (2.39) that the constant
A of (2.39) is of order 0(c?) with

_ 8 (41tc)2f

=% o 3p [y ¥? pdydx . (6.25)
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3
It is worth mentioning that the factors of the expressions (g) in the formulae

(2.39a) and (2.39b) are of order 0(1) and the factor of the expression (§)4in
(2.39c¢) is of orderof 0(1),too.But by virtue of (6.25) in the formulae (6.24)
these factors are too great and do not satisfy 2-post-Newtonian approximation.
Therefore, the exterior solution of a static spherically symmetric star is
approximately given by

cr cr cr
kM kMY (kMY
=1-2—2 43 —L | —A| =2 |, 6.26
g c’r [ c’r J [ c’r J (6.26)

kM kM, Y (kM Y (kMY
h=1+2—2+2| /| +2| /| -A| —
cr cr cr cr
where A = (c?) is stated by formula (6.25). Estimates of A fulfil the condition

A>1
which is in agreement of (2.39) with (6.26).

All these results with detailed calculations are given in the article [Pet 94b].

6.3 Non-Stationary Star and the Trajectory of a
Circulating Body

In this sub-chapter a simple model of a non-stationary star is given. The
solution contains small time-dependent exterior gravitational effects. The
perturbed equations of motion of a test body moving around the non-stationary
star are given. The test body moves away from the centre of the star during the
epoch of collapsing star and it moves towards the centre during the epoch of
expanding star.

The equations of a non-stationary spherically symmetric homogeneous star to
Newtonian accuracy as special case of chapter 6.1 (see [Pet 94a]) are:

v _ ov  19pc? Amk v

%= Var Tpar T2 o X7 pdx, (6.282)
a d
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oM _ _ oM _p 1D o (6.280)

2= (6.29)

Furthermore, it is assumed that the star is homogeneous, i.e.

p = p(t). (6.30)
We use the ansatz
v(r,t) = 0(0), (6.31a)
e, ¢) = 0 () (6.31b)
0

where R(t) denotes the radius of the starand R, is a fixed arbitrary constant. The
gravitational mass to Newtonian accuracy is

R - ~
My = 4n || ® 2 pdx = 4?”pR?’. (6.32)

It follows by the use of (6.29) to (6.32)

-~ _ Ry dR(D)

b=t (6.33)
= 2 ( Ro 4
f=pe? (22 (t)) (6.34)

where 8 is a constant of integration. Furthermore, the following differential
equation [Pet 954] is received

d’R(t) _ 4, 2p2 1 kMg
rroplie 3Bc R§ RO° RO (6.35)
This differential equation can be integrated yielding
drR\? _ 4, 5 (Ro)? kMg
(&) =c-3pc(R) +23 (6:36)

where C is an constant of integration. Knowing a solution R(t) of (6.36) the
relations for ¥, IT and 7 are obtained by (6.33), (6.34) and (6.32).

There are two different kinds of solutions:
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(1) € =0: The radius R(t) contracts to a positive minimum and then it
expands for all times.

(2) ¢ < 0: The radius R(t) of the star oscillates between a mimimum radius
R; and a maximum radius R,. They are given by

R, :(kMg —((kMg i —%ﬂCZRS ICIJMJ/Q

. v2 (6.37)
2
Riz(kMg +((k|v|g) —3ﬂc2R§|C|) j/q
The relations (6.37) give
kM
~(Ry +Ry) = T (6.38)

Equation (6.38) fixes |C| by the mass and the maximum and minimum radius
of the star.

The approximate solution of (6.36) has the form
1 1 kM
R(t) = E(Rl + RZ) -3 (RZ - Rl)COS (sqrt (m) t). (639)

Hence, the solution (6.39) describes to Newtonian accuracy a non-singular
spherically symmetric, homogeneous, pulsating star.

The period of the oscillation is

t, =2m /an/kMg (6.40a)

Rm =5 (Ry +Ry) (6.40b)

where

is the mean radius of the oscillating object. Formula gives for the Sun with
k ~ 6.67 - 10~8[cm/(gsec?)], Mg =~ 2-10%3[g], R,, = 6.96 - 10'°[cm]
the period of oscillation

t, ~ 9.98-10%[sec] ~ 166[min]. (6.41)
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This result is in good agreement with the experimentally measured value of
160 [min].
The special case R; = R, implies by the use of (6.7) the relation

(kMg)Z = %ﬁCZR§|C|-

Then, we get with R = (R, + R,)/2 by the use of (6.38)
kMg

] ==

Hence, the acceleration (6.35) and the velocity (6.36) at R(t) = R are zero, i.e.,
we have a stationary star with radius R. This result also follows by the use of

(6.39). The last two relations give

kM, 4 Ro\2
Wy _ g (1)
R 3 R

Relation (6.34) implies for R(t) = R

Therefore, we receive a non-singular, spherically symmetric, stationary star
where the pressure is given by the above relation.

We will now give the exterior gravitational field of a spherically, non-
stationary star to 2-post-Newtonian approximation. The potentials in spherical
coordinates are given by (3.4b). We get by (6.23) up to 0 (%)
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frg=1-2—2,
c’r
k 1 47k oh
h=1+2 2g T
r ¢ r ot
2 2
f=—8("ep] 4Py v o x P gy (6.41a)
1570 P p OX

64 (R X o
+4”k3.[o ijo y* pvdydx

32 (R 4 X 176 ¢r 2 X
+47rk(?jo X pIR pvdydx+E IO X ,ovj0 y pdydx)

Elementary calculations yield by the use of (6.30), (6.31), (6.33), (6.34),
(6.32) and (6.36) the approximate value
=~ 8 Mg kMg dR(t)
h=it(200ct-0) 52 (6.41b)
We will now give the motion of a test particle in this gravitational field. The
differential equations (2.53) imply by the use of (6.41) for the perturbed orbit

1o + Ar around a circle with radius r, after some longer calculations (see
[Pet 95a]) the equations

— KMy p 1 2mkOR (6.42)

This differential equation can be solved by standard methods. We get by
suitable initial conditions and elementary longer calculations the perturbed
radius

kMg

c?ry

ar(t) = -2( )2 (R(t) — Ry) (6.43a)

and the perturbed radial velocity

d 20 (KMy\2 R,—R, { 2kM \Y/2 . (2 /2kM
d—AT = ——( > g) #(—g) sin (3 I¢). (6.43b)
t 7 \c“1r9/ Rz+R; \R1+R; VR1+R2

The derivation of the perturbed solution is given in [Pet 95a] where a factor
in the denominator is missing.

Hence, the deviations of the orbit and its velocity from a circle are very small.
But this result although very small differs from the corresponding results of
general relativity where by the theorem of Birkhoff no change of the orbit arises.
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All these results are contained in the articles [Pet 95a] and [Pet 10a].

6.4 Gravitational Radiation from a Binary System

In this sub-chapter 1-post-Newtonian approximations are used to derive the
gravitational radiation of a system of objects at large distances from one another.
A more explicit formula is given for a binary system. It agrees with the result of
general relativity.

We use the 1-post-Newtonian approximation of the potentials (5.8) and the
tensor of matter

2
T(M), :p(1+22+%u +£+[!] ]v‘vj
¢ ¢ p \c

+ pc? (1+C%Uj5} —(;izpvjv‘,(i; j=12,3)

T PO BRIV A R Y (i=4j=1273)
= p Ut tle) ==tz (6.44)

2
=—pov' [1+EZ+%U +£+[!j ],(i=1,2,3;j=4)
c® ¢ p \c

2
:_pc2[1+CEZ+C%u +Gj j.(i:j=4)

Here, the potentials U and V; are stated by (5.2b) and (5.11). Subsequently,
we use the tensors (1.32), the field equations (1.34) and the tensors of the
gravitational energy (1.35) and of matter (1.37). It follows from (1.34) by
multiplication with f*¢

(F0) = I Funf SR + AT (6.45)
Put
U =n" + ¢l (6.46)
then we get
Mg, =19 (6.47a)
with
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e G ) B A A R A A Y1)

In the following we use the pseudo-Euclidean geometry (1.1) and (1.5). Then,
the differential equation (6.47) has the familiar form of a wave equation. The
solution for out-going waves is

ij 1 ij ! -x' ’ !
where the integration is taken over the whole space R3.

Longer calculations are given in the article of Petry [Pet 93a]. They follow
along the lines of the papers [Eps 75], [Wag 76] and [Wil 77] in studying
gravitational radiation by the use of general relativity. The resulting radiation

energy E per unit time is given to 0 (Cis) by

.. p ii 2
e pREDRCR -(6D) | e

where, I/ are the quadrupole moments.

It holds for several point masses m,with velocities v, = (vi, v3,v3):

921y _ P dvt j - dv’
(55%) = Zama (2vkvd + %] + x4 52) (6.50)

The application of (6.49) and (6.50) to a binary system gives the gravitational
radiation

2
b _ _ 8 Koutm? (12|v|2 ~11 (%) ) (6.51)

dt 15 c5rt

with the following abbreviations for the two objects A andB:

mymp
m

m=my+mg, U= y = x4 — x|, v =v4 — vp. (6.52)

This result is identical with that of the general relativity theory of Einstein to
this accuracy (see [Wag 76] and [Wil 77]. Therefore, the results of both theories
agree in the magnitude of the gravitational energy emitted by the binary pulsar
system PSR 1913+16 (see Taylor [Tay 79]).
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Chapter 6 Post-Newtonian of Spherical Symmetry

All these results can be found for flat space-time theory of gravitation in
[Pet 93a] and for the theory of general relativity in the papers [Eps 75],
[Wag 76] and [Wil 77].
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