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6.1 Introduction

Recently Khan and Ebadullah[31] introduced the following classes of

sequences
ZHf) ={(zx) €w: {k €N: f(lz, — L|) > ¢, forsome Le C } € I},
Zo(f) ={(zx) €w: {k € N: f(lu]) > e} € T},

ZL(f) ={(zp) €w: {k € N: f(|zx|) > M, for each fixed M>0} € I}.

We also denote by

mz(f) = Z..(f)n Z'(f)

and
mz, (f) = Z5,(f) N Z5(f).

In this chapter we introduce the following class of sequence spaces.
ZIF) ={(zp) ew: {k €N: fi(|lzx—L|) > ¢, forsome Le C } € I},

Z3(F) = {(z) €w: {k €N fi(lon]) > e} € I},

ZI(F)={(z1) €w: {k € N: fu(|z|) > M, for each fixed M>0} € I}.

We also denote by

and
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6.2 Main Results

Theorem 6.2.1. For a sequence of modulii ' = (f), the classes of

sequences Z'(F), Z[(F), m%(F) and m% (F) are linear spaces.

Proof. We shall prove the result for the space Z!(F'). The proof for the
other spaces will follow similarly. Let (1), (yx) € Z(F) and let o, 3 be
scalars. Then

I —lim fy(|zx, — Ly1]) = 0, for somel; € C ;

I —lim fi(|Jyx — L2|) = 0, for someL, € C

That is for a given € > 0, we have

A ={keN: fillzy — Li|) > g} el, 6.1]
Ay ={k €N: fillye = Lol) > S} € 1. 6.2]

Since f}, is a modulus function, we have
Je(|(axy 4 Byr) — (aLy + BL2) < fi(laf|lwe — Li]) + fe([Bllyx — L)

< fillzr — Lal) + fa(lyx — Lal)

Now, by [6.1] and [6.2], {k € N: fi.(|(axr+ Byx) — (L1 + SLs)|) > €}
C A, U A,. Therefore (axy + fyx) € Z1(F). Hence ZI(F) is a linear
space.

We state the following result without proof in view of Theorem 6.2.1.

Theorem 6.2.2. The spaces m%(F) and m% (F) are normed linear

spaces, normed by
Jaull. = sup f(fas]). 6.3
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Theorem 6.2.3. A sequence z = (1) € mL(F) I-converges if and only
if for every € > 0 there exists /N, € N such that

{kEN5fk(|xk_stD <€} Emé(F) [64]

Proof. Suppose that L = I — lim z. Then

B.={keN:|z,—L| < %} € mL(F). Forall e > 0.

Fix an N, € B..Then we have

€
2
) < e} € mL(F).

€
len. —an] <oy, = LI+ | L—ap| <5+ 5 =e

which holds for all £ € B.. Hence {k € N : fi.(|xpr—2zn,

Conversely, suppose that {k € N : f.(|zx — zn.|) < €} € mL(F). That
is{k € N: (|zy —xn.|) < e} € mL(F) forall e > 0. Then the set

C.={keN:x, €[ry —€,an +€} €mL(F) foralle > 0.

Let J. = [y, — €, 2y, +¢]. If we fix an € > 0 then we have C. € mL(F)
as well as C'c € m%(F). Hence C. N Cs € m5(F). This implies that

JNJe#¢

that is
{keN:x, € J} € mL(F)

that is
diamJ < diamJ,

where the diam of J denotes the length of interval J. In this way, by

induction we get the sequence of closed intervals

Je=1h) 2L D ... DIk D .
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N:zp € I} € mL(F) for (k=1,2,3,4,......). Then there exists a £ € NI}
where k£ € N such that { = I — limx. So that f(§) = I — lim fi(z), that
is L =1 —lim fi(z).

with the property that diamlI;, < LdiamlI,_, for (k=2,3,4......) and {k €

Theorem 6.2.4. Let (f;) and (gx) be modulus functions for some fixed
k that satisfy the Ay-condition. If X is any of the spaces Z7, Z! m’ and
mlzo etc, then the following assertions hold.

(@) X(gx) € X(fr-9%),
(b) X (fr) N X(gr) € X (fr + gr)-

Proof. (a) Let (z,,) € ZI(gx). Then
I —lim gy (|zn]) = 0 [6.5]
Let ¢ > 0 and choose § with 0 < § < 1 such that fi(t) < e for 0 <

t < 0. Write y,, = g(|x,|) and consider lim fi(y,) = Hm fi(yn)y,<s +
lim fi(yn)y,>s. We have

hrrln fk(yn) < fk(2) hrrln(yn)' [6'6]

For y,, > 6, we have y, < 3”7” <1+ %". Since fj is non-decreasing, it
follows that

o) < U+ 2 < S2) + S 2

Since f, satisfies the /\y-condition, we have

fulon) < SK%£u2) + KB (2) = K% £y(2)
Hence
lim fi.(yn) < max(LK)J ™" fi(2) lim (y,). [6.7]
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From [6.5], [6.6] and [6.7], we have (z,,) € Z{(fr-gx)-
Thus Z{(g) € ZL(fr-gx)- The other cases can be proved similarly.

(b) Let (x,,) € ZL(fr) N ZL(gr). Then

I —lim f(|z,|) = 0 and I — lim gi(|x,|) =0

The rest of the proof follows from the following equality

tim(fe + gi) () = i fifa]) + lim gif]).

Corollary 6.2.5. X C X (f;) for some fixed k and X =27, ZI ' m% and

I
mz, .

Theorem 6.2.6. The spaces Z{(F) and m% (F) are solid and monotone.
Proof. We shall prove the result for Z!(F'). Let (z1,) € ZI(F). Then
I~ tim fy(fou]) =0 65

Let (a4) be a sequence of scalars with |a| < 1 for all £ € N. Then the
result follows from [6.8] and the following inequality

fellewerl) < ol fi(lzrl) < fillorl) for all k€ N.

That the space Z{(F') is monotone follows from the Lemma 6.1.1. For

m%, (F) the result can be proved similarly.

Theorem 6.2.7. The spaces Z!(F) and mL(F) are neither solid nor

monotone in general .

Proof. Here we give a counter example. Let I = I5 and f(z) = 22 for
some fixed k and for all z € [0, c0). Consider the K-step space Xk (fx) of
X defined as follows.
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Let (z,,) € X and let (y,,) € X be such that

(z,), ifniseven,
(yn) = {

0, otherwise.

Consider the sequence (z,,) defined by (z,,) = 1 for all n € N. Then
(r,) € ZI(F) but its K-stepspace preimage does not belong to Z’(F).
Thus Z!(F) is not monotone. Hence Z(F') is not solid.

Theorem 6.2.8. The spaces Z/(F') and Z!(F') are sequence algebras.

Proof. We prove that ZI(F) is a sequence algebra. Let
(z1), (yr) € Z{(F). Then

I —lim fi(|zx]) =0
and

I —lim f(|yx|) = 0

Then we have
I —lim fi([(ze-gn)]) = 0

Thus (z;.yx) € Z{(F) is a sequence algebra. For the space Z!(F), the

result can be proved similarly.

Theorem 6.2.9. The spaces Z/(F') and Z/(F) are not convergence free

in general.

Proof. Here we give a counter example. Let I = I and fi.(z) = 2® for
some fixed k and for all = € [0, c0). Consider the sequence (z,,) and (y,)
defined by

1
rp,=— and y, =n foralln € N
n

76 Science Publishing Group



Chapter 6 Zweier I-Convergent Sequence Spaces Defined by a Sequence of Modulii

Then (x,) € Z!(F) and Z{(F), but (y,,) ¢ Z'(F) and Z!(F'). Hence
the spaces Z! (F) and Z!(F) are not convergence free.

Theorem 6.2.10. If I is not maximal and I # I}, then the spaces Z/(F)
and Z!(F) are not symmetric.

Proof. Let A € I be infinite and f;(x) = x for some fixed k and for all
z € [0, 00).

If
1, forn e A,

LTy = .
{O, otherwise.

Then by lemma 1.22 (z,,) € Z{(F) C Z!(F). Let K C N be such that
K¢landN—-—K ¢ . Let¢p: K - Aandy : N— K — N— Abe
bijections, then the map 7 : N — N defined by

ﬂm:{¢W,MM€K,

Y(n), otherwise.

is a permutation on N, but ;) ¢ Z'(F) and 2.,y ¢ ZJ(F). Hence
Z1(F) and Z!(F') are not symmetric.

Theorem 6.2.11. Z{(F) c ZI(F) c ZL (F).
Proof. Let (z;) € Z!(F). Then there exists L € C such that

I —1im fi(|z, — L[) = 0

We have fi(|zx|) < 3 fi(|ze—L|)+ fi3 (|L]). Taking the supremum over
k on both sides we get (z;,) € ZL (F). The inclusion Z!(F) c Z1(F) is

obvious.

Theorem 6.2.12. The function /i : mL(F) — R is the Lipschitz function,

where mL(F) = ZI (F) N Z'(F), and hence uniformly continuous.
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Proof. Let 7,y € mL(F), x # y. Then the sets
Ap = {k € N: |z — Ma)| = [l —yll.} € 1,

Ay ={k eN:fyp = y)| = |lz —yll.} € L.

Thus the sets,
By ={k € N: |z, — h(x)] < |lz —y[|.} € m&(F),

B, ={k e N: |y, — h(y)| < ||z — yl|.} € mE(F).

Hence also B = B, N B, € mL(F), so that B # ¢. Now taking k in B,

h(x) = (y)| < |A(@) — 2| + ze — yel + |ye — P(y)| < 3[|z — ..

Thus £ is a Lipschitz function. For the space m% (F) the result can be
proved similarly.

Theorem 6.2.13. If z,y € mL(F), then (z.y) € mL(F) and
h(ay) = h(z)h(y).

Proof. Fore > 0
B, ={k €N: |z, — h(z)| < e} € mL(F),

B, ={k € N:|yy — h(y)| < e} € mL(F).
Now,

| ey — @) h(y)| = |zeye — 2ph(y) + 2h(y) — R(z)R(y)|

< |akllys — 1(y)| + |AY)lJex — B(z)] - [6.9]

As mL(F) C ZL (F), there exists an M € R such that |x;,| < M and
[7y) < M.
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Using eqn[6.9] we get

|zrye — h(2)h(y)] < Me+ Me =2Me

For all k € B, N B, € m!(F). Hence (z.y) € m%(F) and h(zy) =
h(z)h(y). For the space m%Z (F') the result can be proved similarly.
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