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Introduction

Einstein’s general theory of relativity is the most accepted theory of
gravitation. Gravitation is explained by non-Euclidean geometry and not as field
theory as e.g. the theory of Electrodynamics. The great acceptance of general
relativity is based on the good predictions of many gravitational effects. The
first results given already by Einstein himself are redshift, deflection of light
and the perihelion in a static spherically symmetric gravitational field. Later on
till now, an extensive study with different applications of general relativity had
taken place. Non-stationary solutions of the theory are given, too. In particular,
there are the well-known black holes and the expanding universe. In both cases
singularities exist; black holes have a singularity in the centre of the body and
the universe starts with a singularity in the beginning which is called “big bang”.
All the standard theories such as e.g. Electrodynamics are field theories whereas
Einstein’s theory is a geometrical theory. A book about classical field theories is
e.g. given by Soper [Sop 76].

Therefore, | start the study of a theory of gravitation. The metric is flat space-
time, e.g., the pseudo-Euclidean geometry and the gravitational potentials g;

must satisfy covariant (relative to the metric) differential equations of order two.
On the left hand side we have the non-linear differential operator in divergence
form of the potentials whereas the total energy-momentum tensor inclusive that
of gravitation is the right hand side of the differential equations. It is worth to
mention that the energy-momentum of gravitation is a covariant tensor. In
addition to the flat space-time metric the proper time 1 is defined in analogy to

the metric by a quadratic form with the potentials g; as coefficients. Such

theories are already well known and are studied by many authors. They are
called bi-metric theories. The first one who has studied such a theory of
gravitation was Rosen [Ros 40]. Later on there were given very different bi-
metric gravitational theories. Gupta [Gup 54] has the theory of Einstein written
in form of a field theory by a successive approximation procedure. Kohler [Koh
52, 53] started from a flat space-time metric with several suitable Lagrangians
for the gravitational field similar to our consideration. One of these Lagrangians
is identical with our Lagrangian. But Papapetrou et al. [Pap 54] have given an
argument against the theory of Kohler showing by linearization of the
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differential equations that two mass parameters appear in the potentials of the
spherically symmetric gravitational field. Kohler [Koh 52, 53] constructed all
the Lagrangians which yield a symmetrical energy-momentum tensor. Compare
also the later article of Rosen [Ros 73] and the extensive study of Logunov and
co-workers (see e. g., [Log 86]) about bi-metric theories of gravitation.

In this work the theory of gravitation in flat space-time is summarized. It was
studied by the author during several years. We do not give other bi-metric
theories of gravitation. Many applications of the theory of gravitation in flat
space-time are studied and will be given here or at least cited where they can be
found. Most of the received results of the theory of gravitation in flat space-time
are compared with those of general relativity. We only give a small part of the
experimental results. This work is divided into twelve chapters.

The first chapter contains the theory of gravitation in flat space-time. The
energy-momentum tensor of the gravitational field is given. The field equations
are in covariant form where the left hand side is a differential operator in
divergence form of the gravitational field and the right hand side is the whole
energy-momentum of matter and gravitation. The conservation of the whole
energy-momentum is given. This law together with the field equations implies
the equations of motion of matter. The field equations are also rewritten by the
use of the field strength of gravitation instead of the gravitational potentials.
The angular momentum of a particle and the equations of motion of the spin
angular-momentum in the gravitational field are stated. Furthermore, the
transformations of the equations of motion and of the spin into a uniformly
moving frame are given which is used to study a gyroscope in the gravitational
field of a rotating body, e.g. the Earth. This result agrees to the lowest order
with the corresponding one of Einstein’s theory although the used methods are
quite different since gravitation in flat space-time is not a geometrical theory.

In chapter Il static, spherically symmetric bodies are studied. The field
equations, the equations of motion in this field and the energy-momentum are
given. Inertial and gravitational mass are equal. The gravitational field in the
exterior of the body is stated. This result agrees with that of Einstein’s theory to
some accuracy but higher order approximations deviate from one another. The
case of non-singular solutions is stated and the equations of motion of a test
particle in this field are given. The redshift, the deflection of light and the
perihelion shift in a spherically symmetric field are received. They agree to
some order with those of general relativity. Furthermore, the radar time delay is
given which also agrees to the lowest order with Einstein’s theory. Neutron
stars are numerically studied.
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In chapter 11l non-stationary, spherically symmetric solutions are stated. The
field equations, the equations of motion and the energy-momentum
conservation are given without detailed derivations. The differential equations
describing the spherically symmetric body are very complicated and cannot be
solved analytically; they must be solved numerically. This would be of great
interest in the study of black holes.

In chapter 1V rotating stars are considered. All the received results are based
on numerical computations which are received by some co-workers.

In chapter V post-Newtonian approximations are calculated. The conserva-
tion law of the total energy-momentum and the equations of motion are studied.
The received results again agree to the lowest order with those of general
relativity.

Chapter VI contains the post-Newtonian approximations of spherically
symmetry. The 1-post-Newtonian approximation agrees with the one of
Einstein’s theory but the 2-post-Newtonian approximations do not agree. Flat
space-time theory of gravitation doesn’t imply the theorem of Birkhoff. The
exterior gravitational field of a non-stationary star contains small time-
dependent expressions. Furthermore, the motion of a test body in the
gravitational field of a non-stationary star is given. The gravitational radiation
from binary stars is also studied and it is in agreement with the one of Einstein’s
theory.

In chapter VII homogeneous, isotropic, cosmological models are studied with
and without cosmological constant. The essential result is the existence of non-
singular cosmological models, i.e. there exist no “big bang” in contrast to
Einstein’s theory. Detailed studies of these models are given where analytic
solutions can be received under the assumption that there is no cosmic
microwave background radiation. In the beginning of the universe no matter
exists and all the energy is in form of gravitation. In the course of time matter
arises at coasts of gravitational energy. The whole energy is conserved. The
universe starts with contraction to a positive value and then it expands for all
times. But the two models A >0 and A =0 differ from one another. In the first
case matter will be slowly destroyed in the course of time whereas in the second
case matter in the universe increases for all times to a finite value. In this case
the universe is at present time nearly stationary.

In chapter VIII the two possibilities of an expanding and a non-expanding
universe are studied. The first interpretation is well known whereas the second
interpretation is also possible. The interpretation of the redshift in a non-
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expanding universe follows by the different kinds of energy, e.g., of matter and
of gravitation which are transformed into one another in the universe in the
course of time. Therefore, the larger redshift of distant objects is explained by a
stronger gravitational field in analogy to the redshift in a static spherically
symmetric gravitational field. In addition to the standard proper time, the
absolute time is introduced. The age of the universe measured with absolute
time is in agreement with experimentally known results even for a vanishing
cosmological constant A=0.

In chapter IX post-Newtonian approximations in the universe are studied
where linear, spherically symmetric perturbations are considered. In the
beginning of the universe small matter density contrasts arise in the uniform
distribution of matter. In the matter dominated universe the density contrast
increases very fast in agreement with the observed CMBR anisotropy. General
relativity gives only a small increase of the density contrast and has difficulties
to explain the observed large scale structures.

In chapter X post-Newtonian approximations in the universe are studied. The
gravitational potentials are computed. The equations of motion are given. The
gravitational force of long-field force is compared with Newton’s force. The
radius of compensation of the two forces is computed, i.e., that of Newton’s
force and that of the long-field force are compared with one another. This radius
of compensation of the two forces decreases in a universe with cosmological
constant A >0 and increases in a universe with cosmological constant A=0.

In chapter X1 preferred and non-preferred reference frames are studied. In the
preferred frame the pseudo-Euclidean geometry holds and there exists an
extensive study of preferred frames in the literature. In the non-preferred
reference frame the velocity of light is anisotropic but for the Michelson-Morley
experiment and for many other experiments the theory gives the correct results.
Transformations from the different frames into one another are studied.

Chapter XII contains some additional results which are not necessary
connected with the theory of gravitation in flat space-time. There are essays to
explain some experimental results which are received in the last years. The first
one is the anomalous flyby where the rotation of the Earth is used to study this
effect. It is shown that there is a frequency jump which is not equivalent to a
jump of the velocity. In this chapter the equations of Maxwell in a medium are
considered, too where in addition to the pseudo-Euclidean geometry the proper-
time is introduced in analogy to the theory of gravitation in flat space-time. The
well-known equations of Maxwell in a medium are received. This result is
subsequently generalized to the equations of Maxwell in a medium contained in
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the universe. We give an approximate formula for the proper-time of a medium
contained in the universe. The arriving frequency of light emitted by an atom
from a distant object, as e.g. galaxy or quasar contained in a medium is
computed. It is applied to cosmological models. A redshift formula is received
under some assumptions. In the special case that the object is not contained in a
medium the well-known Hubble law holds. But more generally it may be that
the assumption of dark energy is not necessary by the introduction of a medium
in which photons are emitted. Galaxies or quasars with nearly the same
distances can have quite different redshifts in dependence of different media in
which they are contained. Furthermore, the approximate proper-time of a
spherically symmetric body is stated where the universe is neglected. The
velocity of a test body circulating this body is received. A simple small
reflection index which depends on the distance from the centre of the body is

studied. It is assumed that the medium has a fixed radius r, where the

refraction index is equal to one for distances greater than this distance, i.e. there
is no medium.

This result is applied to the Pioneers although an anisotropic emission of on-
board heat may explain the observed anomalous acceleration. We get also an
anomalous acceleration of the Pioneers towards the Sun with a decrease of the
acceleration with increasing distance from the Sun. The application of the
received velocity of a test body circulating a galaxy can also explain the
observed flat rotation curves under some assumptions. The surrounding medium
of the galaxy given by the refraction index may be interpreted as dark matter

with radius ry . In this case, it follows that the mass of this dark matter

surrounding the Sun is very small compared to that of the Sun whereas the mass
of dark matter surrounding a galaxy is much greater than the mass of the
luminous galaxy.

Summarizing it follows that for small gravitational effects the results of flat
space-time theory of gravitation and of Einstein’s general relativity theory agree
to the measured accuracy with one another. But for the case of strong
gravitational effects the two theories give quite different results. Here, we will
mention the non-singular solutions of cosmological models in flat space-time
theory of gravitation which means that the universe does not start with a “big
bang” and the theorem of Bikhoff which does not hold in the gravitational
theory of flat space-time.

No results are received about collapsing stars. Are they ending in a “black
hole” or something else? The describing differential equations of a collapsing
star in chapter Il are very complicated and may be only solved numerically.
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The violation of Bikhoff’s theorem gives the hope that the star will not end in a
“black hole”, that is with a singularity in the centre of the star.
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Chapter 1

Theory of Gravitation






In this chapter a theory of gravitation in flat space-time is studied which was
considered in several articles by the author.

Let us assume a flat space-time metric. Denote by (xi) the co-ordinates of
space and time then the line-element can be written

(ds)* =7, dx'dx] (L.1)

Here,(nij) is a symmetric metric tensor. In addition to the metric tensor a

symmetric contra-variant tensor (77“) is defined by
med =81, g =6';. (1.2)
Furthermore, we put
n=det(n; ). (1.3)
In the special case of a pseudo-Euclidean metric we have
(xi)z(xl,xz,xg,ct). (1.4)

(xl,xz,x?’) are the Cartesian co-ordinates, t is the time and C is the velocity
of light. Then, the metric tensor has the form

() = diag (11.1,-1). (1.5)

This is the metric in which the most kinds of fields and matter are described.

1.1 Gravitational Potentials

Similar to Maxwell’s theory of Electrodynamics we assume that gravitation
is described by a field in space and time. The electro-magnetic field can be
described with the aid of a four-vector called the potentials of the field and
produced by an electric four-current.

http://www.sciencepublishinggroup.com 3



A Theory of Gravitation in Flat Space-Time

Analogously, the symmetric gravitational potentials (gij) are produced by the
total energy-momentum of matter and gravitational field. Similar to the
equations (1.2) let us define a symmetric tensor (g") by

0,99 =6, g%gy=0, (L.6)
We put
G =det(g;). (L7)
In addition to the time t we define the proper-time 7 by
¢?(dz)’ =—g;dx'dx/ . (1.8)

The relation (1.8) is similar to the definition of the line-element (1.1) with the
metric tensor (nij). Therefore, theories of gravitation described by (gij) with

the proper-time (1.8) and with the line-element (1.1) are called bi-metric
theories of gravitation.

1.2 Lagrangian

The theory of gravitation is derived from an invariant Lagrangian which is
quadratic in the first order co-variant derivatives of the potentials (g; J-) resp. of
the contra-variant tensors (g*/). The derivatives are relative to the flat space-
time metric (1.1) and they are denoted with a bar “/”. The Lagrangian has the
form

e 1/2 1
Lo :—[__j 999" (gkm/igln/j —Egkl/igmn/j) (1.9)
In addition let us introduce the invariant Lagrangian
1/2
L, = —SA(ﬁj (1.10)
-
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Here, A is the cosmological constant. For simplicity we consider dust (no
pressure) with the density p. The Lagrangian for matter can be written in the
form

Ly =—pg;u'u’ (1.12)

where (u') is the four-velocity. It follows by the use of

i
ui =9 (1.12)
dr
and relation (1.8)
_gijuiuj =c’. (1.13)
By the introducing of the constant
K=" (1.14)
the whole Lagrangian has the form:
L=Lg+L, —8xLy,. (1.15)

Here, the constant k denotes the gravitational constant.

1.3 Field Equations

The differential equations for the gravitational potentials (gij) follow from
the variation - equation

GIL(—n)1/2d4x. (1.16)

From Euler’s equations we get by the formulas for the covariant derivatives
(see e.g., [Sop 76], p.189 ff)

{ 1 aL(—n)ﬂz} B 1 8L(—77)1/2

(_77)1/2 agij/k N - (_77)1/2 aglj

(1.17)
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implying by the use of (1.15)
0 0 +L oL
[ Lf} C ; 1) g i (1.18)
6g Tk 7k ag 59
We use the following formulas
o(-G)? 1 0
#z_—(_e)yz i o=-9"9"
og" 2 og

Equation (1.18) implies by the use of these relations and multiplication with
g" the following formula

12
-G o 1
ﬂ J g [gikgkjln _—@nggkl/nj]
- 2
m

1/ -G o jr mk nl 1
=2l — | 9% 979 59 3
2\ -1

mn 1.19
_ 29 /igkllrj ( )

1 . .
+Z5i’ (Lg + Ly )+4x00;,u™u’

These are the field equations of gravitation for dust.

1.4 Equations of Motion and the Energy-Momentum

We will now prove the equivalence of the conservation law of energy-

momentum and the equations of motion. It follows from equation (1.18) by
multiplication with g, and summation

m O 0 mn
{9 l Ir;ﬁ } - tﬁ 9 ik
99k e 997 ik (1.20)
_ O(Lg +Ly) g

mn mn/I _8Kpgmnllgmrgnsurus
a9

The mixed energy-momentum tensors of the gravitational field, of vacuum
energy (given by the cosmological constant A ) and of dust are given by
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12
j 11((—- ; 1 1
T(G)li M Gj gmngklgjr[gm’k/ignllr_ngn/igkllr]"_§JiLG‘| (1.21&)

:§ - 2
T(A) =L siL, (1.21b)
P16k !
T(M)' = pg;u™u’ (1.21c)

and the corresponding symmetric tensors are defined by

T(G)Y = g"™T(G)},, TNV = g™T(A), T(M)Y = g"™T(M)), (1.22)

j -G N mn kj
D’ = __77 9 09 m| . (1.239)

/m

Put

Then, the field equations of gravitation (1.19) have the simple form

DI —%5jiDmm = 4xT . (1.23b)

Here,
T/ = T(G)) + T(A)] + T(M)!. (1.23¢)

is the whole energy-momentum tensor of gravitational field, of vacuum energy
and of matter.

The equations (1.23) can be rewritten
. T

It is worth to mention that the equations (1.23) are generally co-variant. In
particular, the energy-momentum of gravitation is a tensor in contrast to the
corresponding pseudo-tensor in Einstein’s general relativity.

The field equations of gravitation (1.23b) and (1.24) are formally similar to
the corresponding equations of general relativity. Here, Dji is a differential

http://www.sciencepublishinggroup.com 7
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operator of order two in divergence form for g” whereas in general relativity

there is instead of that the Ricci tensor. The source of the gravitational field in
flat space-time theory of gravitation is the whole energy-momentum tensor
inclusive the one of the gravitational field which is not a tensor in Einstein’s
theory and it does not appear as source for the field.

Relation (1.20) can be rewritten

{gmn ol

Ik mn _5Ik(LG +LA):| :8Kpgmn/kumun y
g™y

N

i.e., we get by the use of (1.21a) and (1.21b)

(TO)" +T(A)"), ==2 PGt

This relation becomes by the substitution of (1.21c) and the use of (1.23c)

m 1

1
i/m —Epgmn,iumu“ ZT(M) i/m _Egmn/iT(M )mn )

Hence, the conservation of the whole energy-momentum
T, =0 (1.25a)
is equivalent with the equations of motion for matter
T(M) P = 5 GmnyiTM™ (1.26)

The conservation law of the whole energy-momentum (1.25a) can be
rewritten

(7"T",) =o0. (1.25b)

/m

The conservation of mass is given by
(pu™ )/m =0, (1.27)

More general energy-momentum tensors for matter can be considered, e.g.
the matter tensors of perfect fluid

8 http://www.sciencepublishinggroup.com



Chapter 1 Theory of Gravitation

T(M)" =(p+p)u'u’ + pc?g? (1.28)

where p denotes the pressure of matter. The conservation law of the whole

energy-momentum and the equivalent equations of motion are also given by the
equations (1.25) and (1.26).

The conservation law of the whole energy-momentum (1.25), the equations
of motion (1.26), and the conservation law of mass (1.27) are given in co-
variant form. The equations of motion (1.26) and the conservation of mass (1.27)
can be rewritten in non-covariant form

1 9 149, m
—(_U)uz a7((—’7)1/2T('V' ), ) = E%T (M) (1.293)
1 9
Waj((—n)ﬂz pu’ ) =0, (1.29b)

The equations (1.29) give for a test particle, i.e. p=0
d k 1agmn m n
—(gu” )J==—""u"u". 1.30
d‘[(glk ) 20 i ( )

It follows by differentiation, the use of (1.11), and some elementary
calculations

i dx™ dx"
dz? T ( )m”E dr

(1.31)

where I'(G)%,,, denote the Christoffel symbols of g;; .

It is worth mentioning that the equations for the gravitational field can be
generalized including electro-magnetic fields, scalar fields, etc., by addition of
the corresponding Lagrangians for these fields to (1.15) which will not be
considered.
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1.5 Field Equations Rewritten

It is sometimes useful for the applications of the gravitational theory to
consider instead of g symmetric tensors defined by

1/2
f”:(£] gl (1.32a)
-1
and
-1/2
fijz(ﬁJ 0 (1.32b)
/
yielding
f f9=51, t*f, =5, (1.33)

Then, the equations for the gravitational field (1.23) can be rewritten
(fmn fikfkj/n )/m :4KTji (1.34)

where the energy-momentum tensor of gravitation has the form

T(G)jizi fmnfklfjr frnk/rfnlli_lfmnlrfklli +£5jiLG (135)
8k 2 2

with
LG = _fmn fkl fr ( f mk/r f nI/s _% f mn/r f kI/sj : (136)
The energy-momentum tensor of perfect fluid is given by
) = -1/2 _ _
T(M )‘i =(p+ p)[—] f. ulu® + pc?s. (1.37)
-n

where

F = det(f, ). (L.38)
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The relation (1.13) has the form

-1/2
[ij U -2 (1.39)

1.6 Field Strength and Field Equations

The equations of motion (1.31) of a test particle in the gravitational field are
not generally co-variant.

A co-variant derivative of the four-vector (u‘) of a test particle is

ou' '

o = +Fimnumu". (1.40)
T T

' are the Christoffel symbols of the metric (1.1).
The equations of motion (1.31) can be rewritten by the substitution (1.40)

2 AT (142)

where

Al =T(G) T .. (1.42)

Elementary calculations imply that A" i is a tensor of rank three. Hence, the

equations of motion (1.41) for a test particle in the gravitational field (gij) are

generally co-variant. Similar to the equations of motion for a test particle in the
electro-magnetic field where on the right hand side stands the Lorentz-force

defined by the electro-magnetic field strength the tensor A" j in the equations

(1.41) can be interpreted as gravitational field strength and the right hand side of
(1.41) is the gravitational force.

Elementary calculations give
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A Theory of Gravitation in Flat Space-Time

6gmn
ox'

=T(G) . 9o +T(G),, Upr -
Hence, it follows

gmn/i =Al—‘rmignr +Arrnigmr '
Therefore, we get

_gmkgim/j = gimgmk/j = gimgknArnmj +Arikj : (1.43)

With the aid of (1.43) all the co-variant derivatives of g" can be replaced by
the gravitational field strength. Elementary calculations give the Lagrangian

12
LG :_2[£j gmn (AFkImAFIkn + gklgrsAFrkmAFSIn _ArrrmAFSsn) (144)
-n

The energy-momentum tensor of the gravitational field has the form

1/2
T(G)ij :i(ﬁj g]” (AFkInArlki +gk|grsArrknArsli _ArrrnArSSi)-'—igjiLG (145)
4x\ -1 16k

It follows for the equations of the gravitational field (1.23b)

12
H%) gmn(Arjin +glg,Ar, —&iATK, )} =—4xTH, | (1.463)

/m

The field equations (1.24) have the form
GV* 1
[(_—J g™ (A]"jin + gjkgi,Al"kn)} :—4/([Tji —EﬁjiTmm). (1.46b)
/m

Summarizing, we have written the theory of gravitation in flat space-time by
the use of the field strength of gravitation similar to Maxwell’s theory written
with the aid of the electro-magnetic field strength.
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Chapter 1 Theory of Gravitation

1.7 Angular-Momentum

We will now derive the conservation law of the whole angular-momentum.
Let us start from the conservation law of the whole energy-momentum (1.25b)
which can be rewritten

1 0

12 <im i <mn
(_n)llza)(_m((_n) 2T )+rmnT =0 (1.47a)

where we have introduced the non-symmetric energy-momentum tensor

Ti=p™i . (1.47b)

In an inertial frame, i.e. the metric tensor (nij) is constant and therefore

Fijk =0 the relation (1.47a) implies a conservation law of the whole energy-
momentum. Therefore, we get

P = [(-n) T (=1 (149

Where P is a constant and the integration is taken over the whole space.
Equation (1.47a) gives

1 0

= 9 IR — i it
(—?7)1/2 aXm( (-n) ) ml . (1.49)

The field equations (1.23) imply

U2
Siim 1/(-G mn (i ' 1
T =p T]mzﬂl[__ﬂj g (’Ikgmgjl/n_Eﬂjgmgkl/nﬂ :
/m

The substitution of this relation into equation (1.49) and the subtraction from
the arising from the same equation where i and j are exchanged yields

(X! ()T =X ()T

_ A (I -

1 0
(_77)1/2 aXm

(1.50)
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with the contra-variant tensor

Akl -

) 1(-G 1/2 o o
A”k_—[_j gkmgrs(nlsgjrlm_nlsglrlm)' (151)

It follows from equation (1.50) by the use of relations for the co-variant
derivatives of tensors of order three
1 0

Wax—m((—n)m(x‘fim T AIM))

(1.52)
z(le—umn _ Xlern )-Ifmn _FlmnAnjm _rjmnAmm

These equations imply in uniformly moving frames the conservation law of
the angular-momentum, i.e.

N V2 - . - . " ..
MU = [(=) [ XTH —xITH 4+ AT Jd (i,]=12,3,4)  (L53)
is constant for all times. The first two expressions correspond to the usual

definition of the angular momentum. To study the last expression we use the
first part of the relation (1.43) and rewrite (1.51)

ijk 1(-G v kr sm in ¢j jn oi
A :E - Ogmd 9 /r(77 55_77 55) (154)

We now define the canonical momentum

_ 1

T o, (1.55a)
implying
1/2
1 _G 4k . mn 1
I;; 2_8_1((__77) 970 ki [gimgjn _Egijgmnj' (1.55b)
The Hamiltonian is given by

mn 1

H =09 _].G_KLG : (1.56&)
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Chapter 1 Theory of Gravitation

Elementary computations give

H=-T(G)",, (1.56b)

i.e. H isthe energy density of the gravitational field. It follows from (1.54) by
the use of relation (1.55b)

A =2(80,6% =807 )™ 9" T, (1.57)
We define for i, j=1,2,3,4 the anti-symmetric four-matrices
2 =(2 )= (6700 =807, (1.58)
with the proper-values 0, £i. The relation (1.57) can be rewritten
A =258 ™ g, . (1.59)

Hence, the last expression in equation (1.53) of the angular momentum can
be interpreted as consequence of the spin of the gravitational field.

1.8 Equations of the Spin Angular Momentum

In this sub-chapter we follow along the lines of Papapetrou [Pap 51] who
uses a method of Fock [Foc 39]. The following detailed calculations can be
found in [Pet 91].

The equations of motion for matter (1.29a) can be written in the form:

#%((_’NZT (M )im): (G, T(M)" (1.60)

where it is assumed that T(M)Y vanishes outside of a narrow tube which
surrounds the world line of the test particle. The test particle describes a world

line X (t)=(Xi (t)) with X*(t)=ct. Letus put in analogy to [Pap 51]

M =u () T(M)"d (161a)
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M = (X =X (0) ()T (M) d*X

Y z_ui“(MijA_MjiA).

We obtain the equations of motion

d Mi4 _ i mn 8 i kmn
a(?j——r(G)mM +67(F(G)mn'\" )

and of the spin angular momentum

Furthermore, we have
ZMIjk :_(7/Ijuk +7/Ikuj)+u_4(74juk +74kuj)
MIJ4+MJI4_ U]/ J)/I4

M4 — _u4}/i4

ioufu! d(mis i
Mu:_ _M44 (G Mjmn
u“(u4 dr[ ut j (©) J

_dif{'\"'”} rG)y mm.

(1.61b)

(1.61c)

(1.62a)

(1.62b)

(1.63a)

(1.63b)

(1.63¢)

(1.63d)

Some of the relations (1.62) are identities. Therefore, we have eight equations
(four equations (1.62a), three equations (1.62b) and one equation (1.13) for the
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Chapter 1 Theory of Gravitation

eleven unknowns quantities M*, u' (i=1,2,3,4), and " (i,j=123). It is
proved in [Pap 51] that »" is the components of a tensor and the expression

11
cdu?

m=— (Mm4 +T(G)", 7/"4u')um (1.64)

is a scalar where u, =g;,,u™ . We will now give a co-variant formulation of the
equations (1.62).

In analogy to (1.40) we define the co-variant derivative

D%yii _ = %yij ATy, (1.65)

Let us introduce the anti-symmetric tensor
Aij D ij i mj, .n j im, .n
:Ey +AT Ly + ALY MUl (1.66)

Then, we have by (1.62b), (1.63a), (1.42) and (1.65)

A — A
u u

A% =0. (1.67)

When we multiply (1.67) with u; we get

. m I .
L a =—“—2[“—4Am4+A'mj. (1.68)
u c™\u

By the use of the last two relations we get the co-variant form of (1.62b)
I - oo
Al +C—2um(uJA'm—u'A‘m)=O. (1.69)

We will now give (1.62a) in co-variant form and write (1.63d) for j=4 with
the aid of (1.63a), (1.63c), M*' =0 (1.65) and (1.66)

. _ i
M™“+T(G) y™u" = A +L‘—4(M“4 +(6),, 7). (L70)
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A Theory of Gravitation in Flat Space-Time

We get by multiplying this relation with u—4and the use of (1.64)
u

(ut)

Hence, we get from (1.70) by the use of (1.71) and (1.68)

44 4 man)_ 1 Uy yma
(M# (G, ™) =me-+ - A™ (1.72)

1 i4 i 1 i k4,1 1 ik
—M"=mcu’ ——=TI(G u—-——uA".
u4 u4 ( )k|7 CZ k

Now, it follows from (1.62a) by the use of (1.68), (1.61) and elementary
calculations

d i1 ik ik 1 Ir
a(mcu —C—zukA )+F(G)klu (mcu —C—zurA

0 i i n m (1.72)
o Lr(@), +1(6),, 16, )
=0
The introduction of the co-variant derivative of a four-vector gives
DR(mcui —%umAimJ+AF‘mnum (mcun —izukA”kj
¢ ¢ ¢ (1.73)

1.
+§ lenkynmuk =0
where R'__ is the curvature tensor of g; - Although the equations (1.62a) and

(1.62b) are identical with those of general relativity the co-variant forms (1.73),
(1.69) together with (1.66) are different from those of general relativity [Pap 51].

7" which is defined by (1.61c) is not the spin in flat space-time theory of
gravitation. The spin of a particle must be defined by

$1 = [(x = X' (1))(-n)"*T (M) d°
—[(3 =X () (=n)"*T (M) dx

mnk

(1.74)
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Chapter 1 Theory of Gravitation

In Einstein’s theory the motion of a spin in free fall can be described
according to the equations of parallel transport (see e.g. [Wei 72]. This is not
possible by the use of flat space-time theory of gravitation.

1.9 Transformation to Co-Moving Frame

In the previous sub-chapter we have seen that there are not enough equations
for the spin components. Schiff [Sch 80] remarked that one has to transform the
equations of spin components to the co-moving frame, i.e. to the frame of the
gyroscope. We use the considerations of Petry [Pet 86] to transform from a

preferred frame X' with (7;')=diag(L11-1) to a non-preferred frame X
moving with velocity v'=(v1',v2',v3‘) relative to the frame X' . Let

(X*1(),X2(t"), X'(t")) be the distance vector of 3 from X'. Then,

d iven_ i
X)) =" (1.75)

The transformations of quantities in X' to the corresponding ones in the co-
moving frame X are given in [Pet 86]

<)

X=X +(7/’1 —1) L —+ X''(tY), gp'=pdt (1.76a)
v' C
C
with
2\V2
\Y
y :[1_ i j ) (1.76b)
C

It is sufficient to consider (1.76) up to quadratic expressions in the absolute
value of the velocity |v], i.e.

1 i
e —E(X,V—jv—+ X' d'['z[l+1 v
2 2

c/C

; Jdt . (1.77)
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A Theory of Gravitation in Flat Space-Time

In the frame X' we consider equation (1.62b), multiplied with dz/dt", the
use of (1.63a) and u'/u*'=v'"c,i.e.

. i . IK A . i .
i'}/'l '+V_i.714'_v_iyl4l_(r(e)l Imn_v_r(G)4 lmnjyjm vt

+(F(G)j 'mn——'r(c;)4 'mnjy"“ W (1.78)

Furthermore, it follows

_m XX
ax™ ax"

ij

We get after some calculations for the spin tensor 7" in X

i Y S N AV LN TURY SRS RO B Y
7/”Iz7/u+?7/4J+_7I4__(?Z7/kj?+727”<? (1.79a)

c 2 k=1 k=L
1|2 in 3 k
i44 1lv i4 1V ka V
| 1+ P - —. 1.79b
4 ( 2|c 72 C ;7 C ( )

If we substitute (1.79) into (1.78) and neglect expressions of the form

. VIV .
I*,,—— it follows by elementary calculations
cc

. . . . - 3 . . . -
%}/IJ ZF(G)444(—VI .7/14 4yl I7I4)_(ZQIK7Jk —ij}/'kJ (180&)
k=1

where
i'_73 ik i 4 i,é i 1 i
Qi = [kZF(G) v +F(G)J.4C r(G) ,v +2r(G)le +2F(G) wV J (1.80b)

IS 4

We will now apply the result to the spin angular momentum of a test particle
in the gravitational field of a spherically symmetric body in the preferred frame
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' with mass M and angular velocity @ . It holds in X' up to linear
approximations

9 =9 (1+2kTMJ’(i’ =123

cr
kMY
=—|1-2— | (i=j=4 1.81
125t -i-9) ey
2k 1

:__3_3[a)x X']y(l :41 J :112!31| :11213! j :4)
cr
where J is the momentum of inertia. We get by elementary computations

32} kM 1 i i
r= k ,Qn:sz:QSBz el -, -,Qu:_le,- i
(kzll|x|J ra r3(x v i #

Put
Q =<Q23 Q3l QlZ)
then, we have
3kM 1 kJ 1 X'\ @
Qz————[X'XV']ﬁ-—Z—S[a)—?)#X‘J. (182)
cr r
We define 7 =(7/23,y31,;/12) . Relation (1.81a) is rewritten in the form

d KM
dt‘y crd

(X',V');/—[Qxy/]. (1.83a)

By the use of the law of Newton

we get
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st[l dv’ v_'} I:J (w_3(x"f’)x-) (1.83b)

cdt' c¢| c?r r

We consider instead of » the spin. We get in X by the use of the standard
transformation formula, considering only expressions which are quadratic in the

velocity and linear in the expressmn , the use of (1.81)
C

(1.84)
~—, (i=4j=123)

(1 zkﬂj( _j=1)

cr
The metric tensor has the form
Ny =8y, (i,i=1,2,3,4)
=—, (i=1,23j=4)

c
_vj'l (i=4i- (1.85)

We get from the definition (1.74), (1.85) and (1.61) for i,j=1,2,3

ST =7 "G [ X (=) T (M) d* =19 [ X (=) "*T (M) ¢

(1+ ZMJJ/”
cr

Hence, it holds
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kM
yz(l—ZEjS . (1.86)

We have by the substitution of (1.86) into the relation (1.83a)
v

|2
d iy oM Vs :(l—Zij[QxS],
dt’ cr lc c’r

By the use of the conservation law of energy

2

1vP kM
Z|=| —=—=const
2lc|  c?r
we get
95+ [axs]. (1.87)
dt

Equation (1.87) gives the precession of the spin of a test particle with
constant angular velocity. It agrees with the corresponding result of general
relativity [Sch 60]. The angular momentum of a gyroscope processes without
changing in magnitude. The results about the spin angular momentum and the
gyroscope agree with those of general relativity.

All these results of the sub-chapters 1.8 and 1.9 can be found in [Pet 91]. For
experimental technical problems compare Will [Wil 81].

The results of chapter | about the theory of gravitation in flat space-time can
be found in the articles of Petry [Pet 79, 81a, 82,93b].

It is worth to mention the article [Cah 07] of Cahill who has studied a theory
of gravitation with application to cosmology by a method which is totally
different from general relativity and any bi-metric theory.

1.10 Approximate Solution in Empty Space

By the use of general relativity approximate solutions in empty space are
received by linearization of the non-linear equations. This can also be
considered by the use of flat space-time theory of gravitation as will be seen in
sub-chapter 2.2. Therefore, we will study the linearization of the gravitational
field. We start from the gravitational theory in flat space-time (1.23) together
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with the conservation of the whole energy-momentum (1.25). Formula (1.23b)
of the field equations implies by the use of covariant differentiation, the
conservation law (1.25a) and the use of the pseudo-Euclidean geometry (1.5)

2 p/ 19 pm_y (i=1-4). (1.88)

axJ 1 2 dxt
Relation (1.88) gives by the use of linearization, i.e.
gy =¥ + Agl
the linearized expression
Therefore, relation (1.88) can be written in the form

mn 0 0

n axmaxn{nlkax] gkj_zﬁ(nkl gkl)}

The operator in front of the bracket is the wave operator. Hence we get
a
Mk 5589" — gg(ﬂszgkl) (i=1-4). (1.89)

Relation (1.89) is identical with the result of general relativity (see
e.g.[Rob 68], p. 256, [Sex 83], p.175) which is used for many applications.The
derivation of relation (1.89) in empty space (no matter) uses the fact that in
empty space a gravitational field exists which must be considered. The quite
different study of linear approximations of the gravitational field by flat space-
time theory of gravitation and general relativity follows from the different
sources in the theories. Flat space-time theory of gravitation has the whole
energy-momentum as source whereas general relativity has only the matter
tensor. In general relativity the energy-momentum is not a tensor which implies
many difficulties (see the extensive study of Logunov and co-workers (see e.g.
[Log 86 ], [Den 82,84]).

A comparison of the theory of gravitation in flat space-time and the theory of general
relativity is given in [Pet 14a].
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In this chapter the theory of gravitation in flat space-time stated in the
previous chapter | is applied to static spherically symmetric problems with the
matter tensor of a perfect fluid.

It is useful to introduce spherical polar coordinates (r,9,¢) with

X' =rsingcosg, x? =rsingsing, x® =rcos9. (2.1)

We get by simple computations

=1, 1y =12, ny=r?sin® 3, n,, =—1, ;=0 (i#j). (2.2)
Then, we have
(—77)1/2 =r?sing.

The non-vanishing Christoffel symbols of the metric are

1 1 .
', =-rr?,=r%,==,1°,=r% ==,1,,=-rsin’ 9,
22 12 21 r 13 31 r 33 (23)
[?,, =—singcos, Iy, =T, =cotd
2.1 Field Equations, Equations of Motion and Energy-
Momentum
The potentials are written in the form
g = (r).g% g( ) g% (I’)
r?sin? g’ (2.4a)
g* =-h(r ) =0,(i= j)
It follows
g 1 g r? g r’sin® 9
1= Y92 = Y3 T
f g g (2.4b)
1 .
Qs :_Ev Oij =O,(I * J)
We get
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2 .- 1/2
(_G)uz: rsin g [ﬁj _ 1 25)

For a body at rest we have u' =u? =u®=0, i.e. it follows from relation (1.13)
ut =ch¥2. (2.6)
Then, the matter tensor of a perfect fluid (1.28) is given by
i _ 2 (i s
T(M) ;| =pc (i=j=123)
=—pc?,(i=j=4) (2.7)
=0.(i=])

We get from the equations (1.21a) and (1.9) by the use of (2.4) and (2.5) the
energy-momentum tensor of the gravitational field

i 1 .
T(6), = (L -L).(i= =1
1 o
:ﬁLi’ (I =1]= 2’3) (28)
1 . .
:16_K(|-1+|—2)1 (i=j=4)
=0, (i=j)
Here,
o £ (g (h? 1(f .g' hY
AR DR O G Sl
o4t (f-g)
L, = rzg(fh)ﬂz( f J (2.9b)
L=l +L,, (2.9¢)

where the prime ’ denotes differentiation with regard to the distance r. The field
equations (1.24) with A =0 give by the use of the covariant derivatives the
following three equations:
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14 f f'] 2 f f?-g> 1
[rzwf]‘rzwfzg——zhmz(ﬁ‘p)' (2109

, 2 2
1d{r2 f gj+12fmfg=£11L2+2KCZ(pp), (2.10b)

rrdr( g(fh)? g ) r’g(m)”? f°
1d f n
rzdr[rzg(fh)mh]:—ZKCz(p+3p). (2.10c)

The conservation law of the energy-momentum (1.25a) implies

d 4 , d
G, -n) -2, +16xe S p-o.
dr(2 L) rLZ P

It follows by multiplication with r3

%[rs(Lz—Li)]:rz(LiJrLQ)—lGKczr?’%p. (2.11)

The equations of motion (1.29a) yield

d 1(f" .9 1lh'
—p=—2| — 422 -
drp 2(f+ gjp+2 p. (2.12)

In addition to the equations (2.10), (2.11) and (2.12) we have an equation of
state

p=p(pr). (2.13)
The natural boundary conditions are for r — oo

f(r)—>1 g(r)—>1, h(r)->1 (2.14a)

and for r—0

. F 2

b e , f n
g(fh)l/Z f g(fh)ﬂz

——0
g(fh)lIZ h

P (2.14b)
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2.2 Gravitational and Inertial Mass

Let us assume a spherically symmetric star with radius r, . Then, the
boundary condition of the pressure has the form

p(r)=0. (2.15)

The mass and the pressure are defined by
M =4ﬂjr2p(r)dr, P =47r.|'r2p(r)dr . (2.16)
0 0

We get from (2.10c) with the aid of the boundary conditions (2.14) for r>r,

, f h _k(M+3P)
—=2_  — 7
g(f) =z (2.17)

r

where (1.14) is used. Equation (2.17) gives by integration and the boundary
conditions (2.14) for r>r,

k(M +3P
h(r)=1+2¥l+o(%) (2.18)
C r r

Equation (2.18) implies the gravitational mass

M, =M +3P (2.19)
The inertial mass M; is given by

Mic* =4z [(T(M)", +T(G)", )ridr (2.20)

It follows by the use of (2.7), (2.8) and (2.16)

T,

Mi:M_16—k r(L +L,)dr. (2.22)

0

We put by virtue of (2.14a) and r>>r,
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f=1-2— +O( jg 1- 2’B+O[i2j. (2.22)
r r r

Equation (2.10) gives by integration and the use of (2.14b)

g. r f (f_g)g 2I’ 5
—+2 dr =2xc”|r“(p—p)dr,
g _l.g(fh)l/Z f2 .([ (p )

,  f
g(fh)l/z

It follows for I — o0 with the aid of (2.18), (2.22) and (2.16)

r

9)g

T k
!g fh)m =K m-p)- g, (2.23)

The existence of the integral of equation (2.23) gives by using (2.18) and
(2.22) a=4 i.e., we have

f=1—2ﬁ+o(i2j, g=1-23+o(i2j. (2.24)
r r r r

We assume the natural boundary conditions as ' —o©
r’L, -0, r’L,—0, r’p—0.

Then, equation (2.11) implies by integration

;
r*(L-L)= jrz (L, + L, )dr —16xc?r*p(r)
0 r (2.25)
+48/<c2J.r2 p(r)dr
Hence, we get for I — 00 by the use of (2.18), (2.24), (2.15) and (2.16)
jr (L +L,)dr =—48P (2.26)
0
Substituting equation (2.26) into (2.21) it follows with equation (2.19)
M, =M +3P=M, (2.27)
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i.e., inertial and gravitational mass are identical.

In general relativity the definition of inertial mass gives difficulties by virtue
of the non-covariance of the energy-momentum of the gravitational field (see
e.g. [Dem 82]).

In particular, equation (2.26) can be rewritten
Arr ¢ 4
—?J'rZT (G),dr=3P, (2.28)
0

Equation (2.12) together with (2.10c) implies that there exists no spherically
symmetric star without pressure.

We get by a suitable linear combination of the equations (2.10) and by
integration using the boundary conditions (2.14b)

r? ;(f—+ 29—+3h—J

g fh 1/2 f g h
. r( ) : (2.29)
=—Ejr2(L1+ Lz)dr—24kc2‘|.r2p(r)dr.
0 0
Hence, we have for I' =0 by virtue of (2.26), (2.17) and (2.24)
k k
azc—z(M +3P)=C—2Mg. (2.30)
Put
kM
K=—2 (2.31)
c
then, we have for I'>>r,
2 2
f:l_zLo[(ﬁj j g:l_zLo[[ﬁ} J
r r r r
(2.32)

h=1+2§+o((g].
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Equation (2.23) gives

T f— k
| SEILILYY (2.33)
0

The gravitational field in the exterior of the spherically symmetric star with
pressure is given to the first order approximation by (2.32), i.e. by one mass,
namely the gravitational mass M. This is similar to Einstein’s general theory

of relativity in contrast to Rosen’s bi-metric gravitation theory where the field is
described by two mass parameters M, and M" with M, =M" for non-

vanishing pressure.

2.3 Gravitational Field in the Exterior

Let us study the gravitational field in the exterior of the star, i.e. r>r,. We
have from (2.10a), (2.10b) and (2.17) with the definitions (2.19) and (2.31)

1 d f f'] 2 f f?f-g® 1
[rz— J 9 _ 2L, (234)

r2dr| g(fh)? T ) rfg(m)? f?2 2

1d(, f g 1 f f*-g* 1
Sl 'S S A ——

, f h

rcF— — —_

Substituting
E=K/r

into equations (2.34) we get by elementary computations

d(f)_2f (o)) L), 1fh) a:h
dg(fj‘g?[l [f]} 4£f alh) g %9
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2
f h
d (9 :_% 1-919 (9%} 1%6 19:N (2.35b)
dél g & ff g 2f g 29 h
h h 12
3
= =2q| — 2.35¢
: g[ fJ (2.35¢)
where, the index & means the derivative relative to & . Put
f =exp(x+2z),9=exp(y+z),h=exp(-z). (2.36)

Then, it follows from (2.35)

X =5—22(1—exp(2(y—x)))+4exp(2y— x)—%(xg )2 (2.37a)

2
Y =—?(1—exp(y—x))exp(y—x)—%x§y§ +(y§)2 (2.37h)
z, =—2exp(y—x/2), (2.37c)
The equations (2.35) and (2.32) imply for £ —0
x=0(&%),y=0(&),z2=-2£+0(&*).

Substituting the approximations of X and y up to the order four in & into
the equations (2.37a) and (2.37b) we get by elementary calculations

Xz2A§3+%§“, yzéz—Aé3+§§4 (2.383)

where A is an arbitrary parameter which must be fixed by the interior solution.
Equation (2.37c) together with (2.38a) yields

2x-25- 28 AL (2.38b)

Finally, we obtain from (2.36) and (2.38) up to order four in K:

r
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LN S TR LR L yees

r r

g~1- 2% + 3(%}2 —(4+ A)[EJS + (%1 + SAJ(éjA (2.39b)

r

h=1+ 25+2[5j2+2(5j3+(2—A)($j4. (2.39¢)

r r r

Elementary computations give up to order five in K

K2 _K* K>
L1 z—SF—8r—6+40Ar—7,
4 5
L, ~ —4K—6 + 24AK—7, (2.40)
r r
K? K4 K>

~—8 120 1 64A—.
LG r.4 rG r.7

It is easily proved that the conservation law of energy-momentum (2.11)
holds to the considered accuracy.

Einstein’s theory gives in harmonic coordinates

2 3 4
g 1K/ z1—2£+2[5j —2(5j +2[5j (2.41a)
r

14K/ r r r
1 K (KY (KY _(KY
T SIIRLOE LY 3 R (S
(1+K/r) r r r r
2 3 4
he _L+KJr z1+2£+2(5) +2(5j +2(5j : (2.41c)
1-K/r r r r r

The solution in the exterior of the star by Einstein’s theory does not contain a
free parameter. The results of the two theories agree for f and g up to the
order two and for h up to the order three in the case A#0 and for A=0 the
agreement of the solutions for f and g is up to the order three and for h up

to the order four. Hence, we have high agreement of the exterior solutions of
both theories.
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We will now give a lower limit for the pressure of stars on the assumption
that K/r, is small. Let us assume a non-negative density of the gravitational
energy in the interior of the body, i.e.

—T(G)44 >0 for r<r,

then, it follows by the use of (2.26), (2.8) and (2.40)

0

3p =4—”Tr2(—T(G)“4)dr 24—”jr2(—T (G)44)dr

c? c?
o
2 2 4 5
S LSS Ty G
16k I r I

Hence, we have by the use of (2.31)

3 4
5+;[5] _2A(EJ 6P (2.42)
2 M

fo fo fo g
Inequality (2.42) gives for our Sun (M, ~1.993¢10%g, r, ~6.96#10°cm)
P, /Mg >3.6e10".

Numerical methods are used to obtain the solution in the exterior of the star
for large values of £=K/r. For small & (ﬁlO‘z) the solutions (2.38) and

(2.39) are used. The system of the differential equations (2.37) is humerically
solved by the use of Runge-Kutta methods for different values of the parameter
A . There are two different types of solutions: (1) regular solutions, i.e. for all

£>0 the functions f , g and h exist and are positive. This is the case for all
values A>0.2. (2) Singular solutions, i.e. it exists a positive value &_ depending
on Asuch that f, g and h do not exist or vanish at &, . Case (2) arises for
small positive and all negative values of A.

2.4 Non-Singular Solutions

We will now study the solution in the vicinity of the singularity
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o
§C_§

with suitable constants @ , g and y . This gives near the singularity & <¢,

A B .. C

f~ 1gz R ~ 0 5
(éc_g)a (gc_g) (fc_é)

with some constants A,, B, and C,. We get by the substitution of (2.43) and
(2.44) into the equation (2.35¢)

fea 9 B N
h

(2.43)

(2.44)

1/2
o C 1
£k =2B, (K?J (f _é)/ﬂ(o‘—a)/z
implying
B+(5-a)l2=1, §=28B,(C,/ A)"*>0. (2.45a,b)

It follows by the substitution of (2.43) and (2.44) into (2.35b) and the use of
(2.45a)

B-a<l. (2.45¢)
We have from (2.35a)
1, 1,
==8"-~a"-p5. 2.45d
a=35" - a’ - p (2:450)

The equations (2.45a) and (2.45d) yield by elementary calculations
1+38° 48 -2af =0
Hence, we get

14357 -48 . 1-p°
0, a= = . :
B#0, a 27 .0 2 (2.46)

We obtain by (2.46) and (2.45c)
B>0
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implying by the use of (2.46) and (2.45)
0<p<1. (2.47)

Hence, we have

(1-38)(1-8) . 1-F
a= 23 , 0= 25 ,0<fB <1 (2.48a)

1/2
C,) &
BO(EJ =2 (2.48b)

Therefore, the constants B and O are always positive whereas & is
positive for g <1/3, negative for B >1/3 and zero for £ =1/3. The radial
velocity of light v, near the critical value &, is given by

1/2 1/2
v,:c(%j zc(%j (&-&)" >0 (2.49)

for & — &, by the use of (2.48a).

The solutions (2.44) cannot be continued to &> ¢, by virtue of (2.48a). This
is similar to Rosen’s bi-metric theory of gravitation[Ros74]. Therefore, static

spherically symmetrical stars with radius r, <K /& =r, cannot exist in this
gravitational theory.

We will now study a static spherically symmetric star with the radius r, =r,.
We get from (2.43), (2.44) and (2.48) for r —

] kM 2_
FZ;ML—)—Z Zg 1+3p 24ﬂ
g(fhy” f c 1-p

2 f g' _ZkMg Zﬂz

r WE% Z 1-F
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f h' kM
rZWF - -2 CZ

9

Therefore, we have as r —

g b KM, 14 g2 —
2 f (f g+3h_]_)_8 gw'

PO A

The left hand side of (2.29) is continuous, i.e. this equation gives

kM 2 o G
—8—29—1+ﬂ 2ﬁ=81<'|'r2 -T* dr—24k—52—24k—?.
c 1-8 0 c c

Hence, we get by virtue of (2.19)
M, (1+8° - B)<3PB(1-2p). (2.50)

The assumption P =0 implies by virtue of (2.48a) that the mass M, =0.
Therefore, we have P >0 . Relation (2.50) can be rewritten

(M-P)(1+4° - B)<-P(1-48+75%) <0,
i.e. we obtain
M<P. (2.51)
An equation of state with velocity of sound ¢, has the form
p=c’p, c’<l.

Hence, we get by integration the inequality

P<M

which is in contradiction to (2.51).

Therefore, every static spherically symmetric star has a radius r,>K /&, i.e.
static spherically symmetric bodies have no singular solutions.
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In empty space a singularity at a Euclidean distance from the centre can exist.

The radius of this singular sphere is smaller than the radius of the body.
Hence, there is no event horizon, i.e. static black holes do not exist. Escape of
energy and information is possible, i.e. no contradiction to quantum mechanics
(see [Pet 14b]). It is worth to mention that the singularity -if it exists- is at a
Euclidean distance and is not a singularity of the coordinate system as by
general relativity.

2.5 Equations of Motion

In this sub-chapter the equations of motion of a test particle in a spherically
symmetric gravitational field are studied.

Let us assume that the particle is moving in the plane given by the
coordinates x' and x?, i.e. $=x/2. The velocity is given in spherical polar

coordinates by
dr . dg
_101_ . 252
(dt dtj (2.52)

The equations (1.30) for a test particle can be written by the use of (2.4b)

d(1drdt) 1 f'(dr)® r g’ d(p)z h' , ) dt
il it Pl ISR il —lo—_rZ2 (| = —c?|=
dt[fdtdrj 2[ fz(dtj+g[ rg](dt g (253

d(r®dedt
—| ————1|=0
dt( g dt dr} (2.53b)
d(1dt
The relation (1.13) has the form
(%) -5-3&) -5(&) est
dt h fldt gldt )’ '

Equation (2.53c) yields
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ﬁ:ah (2.55)
dr

where & is a constant of integration. Equation (2.53b) implies with a further
constant of integration

de dt
r’——=4g. 2.56
prarmat Y (2.56)
The last two relations give
249 _Bg
"ar T an (2.:57)
The equations (2.55) and (2.54) yield
2 2 2 2
[1-%)‘:—:1(£j +r—[d—¢) . (2.58)
a‘h)h fldt g Ldt
Relation (2.57) corresponds to the second Kepler law. The equations (2.58)
can be written
2 2
(o) (8] oo L)L 259
dt g\ dt a*h)h
Inserting (2.57) into equation (2.59) we get
Y 1(pY fg 2( 1)f
— | ===E| =4+c’1-— |—. 2.60
(dtj rz(aj h? a’h)h (2.60)

The equation (2.60) is a differential equation of first order for r(t). Knowing
the solution of (2.60) we have a first order differential equation (2.57) for
calculating ¢(t). These two functions describe the motion of the test particle in

the spherically symmetric gravitational field. We will now give the differential
equation which describes the trajectory of the test body. We eliminate the time
t in the equations (2.57) and (2.59). Furthermore, we put

p=1Ir, (2.61)

It follows
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d
_co_ﬁp
(04

29
t h

and

dp Y _ o[ (BY of9, o, L\
(Ej _p( (ajp e (1 azhjh]'

The last two equations give

2 2
do , f [ & ( 1j f
L =—p"—+c*| = | |h—-= |=. 2.62
Go) oGl 0ale ew
The differential equation (2.62) describes the inverse o of the distance I as
a function of the angle @ .

2.6 Redshift

In this sub-chapter the redshift of spectral lines in the gravitational field is
studied. It follows by virtue of (1.8) for an atom at rest in the gravitational field
the following relation between proper -time and absolute time

dz=(-g,)" dt=dt/(h(r))"” (2.63)

where (2.4b) is used. This relation gives for the frequency v, (r) of light

emitted from an atom in the gravitational field at distance r from the centre of
the body

v,(r)=v, ! (n(r))”* (2.64a)

e

where v, is the frequency of light emitted from the same atom at infinity, i.e.

neglecting gravitation. By virtue of Planck’s law E =hv where h is the Planck
constant we get for the emitted energy

E(r)=E,/(h(r))". (2.64b)

This relation follows also by the definition of the energy
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dx*
E= -0y - (2.65)

and the use of (2.4b) and (2.63). Let us assume that the atom at distance r;
emits light which moves in the gravitational field to the distance r, . By virtue

of (1.30) the energy of light is not changing in the stationary, gravitational field,
i.e. the energy (resp. frequency) of light received at r, is

v, (r)=v, /(h(r))" (2.66)
Light emitted from the same atom at distance r, has the frequency
v,(r,)=v, 1 (h(r,))”. (2.67)

Hence the last two relations imply

v, () /v, (1) =(h(r)/h(r,))" (2.68)
The redshift z is then given by
1/2
Zzi_lzve(rz)_lz(h(rl)J 1. (2.69)
A, v, () h(r,)
By virtue of (2.39c) we get to first order approximation
K K kM;(1 1
In———r— | ———|, (2.70)
L L C L h

i.e. light emitted at r, and received at r, >r, gives a redshift z stated by (2.70)
to the first order accuracy in agreement with the result of general relativity.

The result (2.70) is by the authors of article [Pau 65] experimentally verified
in the gravitational field of the Earth with an altitude of 20m by the use of the
M&ssbauer-effect to an accuracy of 1% .
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2.7 Deflection of Light

We consider a light ray coming from (r,,¢, ), passing the nearest point (r,,0)

to the centre of the body and then moving to the observer at (r,,¢,). The

equations which describe the motion of this light ray are given in the sub-
chapter 2.6. We start from the differential equation (2.62). For the nearest

distance I, of the light ray to the centre of the body we have

(d_pj 0
do ),

implying by the use of (2.62) and (2.39) to first order approximation in K

aY 1 K 1
(EJ ~m[1—4a+?) (2.71a)

Furthermore, we get for a light ray dz =0 by virtue of (2.55)

1o (2.71b)

a

Substituting the last two relations into equation (2.62) we receive to the first
order approximation

2
[d_p] =—p? +%[1—45+4Kp] : (2.72)
do fo fo

The solution of this differential equation with the initial condition
p(0)=p, =1/, can be given analytically. We have

-1/2
“ K 1 K
I I ro

Po 0 0

Elementary integration and (2.61) give

r=r,/ 25+ 1—25 cose |. (2.73)
r0 r-0
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Inserting the starting point and the end point of the light ray we have for

i=12
r=r, /[2%{1—2%}0%} (2.74)
Put for i=1,2
o= i(% H//ij (2.75a)

where the upper (lower) sign stands for i=1 (i = 2) then we get from (2.74) to
first order in K

K r
W, = 2r——7°. (2.75b)
0 i

Let », be the angle between the tangent at the light curve in the point (r,¢,)
and the x' -axis we have

1 dr, . 1dr .
ctgy; =| ——-cos(¢ ) —sing, |/| =—sing +cosg, |-
r, d r, d

We have by virtue of (2.71) with (2.61)

&)

The last two relations together with (2.75) imply by elementary computations
ctgy; = 125.
I’0

The deflection of light is given by Ay =y, —y,. Hence, we have
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Ay =tg(Ay)=(tgy, —t97,)/ (1+1t9.t97,)
~Ctgy, —Ctgy,
K

~4—.
T

(2.76)

The formula (2.76) gives the deflection of light and it is identical with the
result of general relativity to the studied approximation.

2.8 Perihelion Shift

We consider now a test particle in the orbit of a spherically symmetric body
with velocity

2 2
lv|? = (%) + (ri—(f) & c?.

Hence, we get from (2.58) and (2.39) to first order approximation to the
accuracy of 0 (ciz)

1 K ()% _ E
Z~1+20-(B) s1-220 2.77)
Here, the conservation law of energy of the test particle in the gravitational
field is used to Newtonian accuracy and E is the classical energy satisfying
E « Mgc?. (2.78)

We get from (2.62) by the use of (2.77), (2.78) and (2.39) to second order in
K

(Z_Z)Z =-p*+c? (%)2 (Mjcz +2Kp + 6(Kp)2). (2.79)

Put

a, =1 - 6(Kc)? (%)2, ay = Kc? (%)2 Jay, as = Mig(%)2 Jay. (2.80)

The analytic solution of (2.79) with the initial condition p(¢,) = p, has the
form
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(aZ+az)'"*

p = a, + (a? + as)'/?sin {ai/z (@ — o) + arcsin <ﬂ>} (2.81)

The solution is an elliptic curve, i.e., there exist two values p; > p, > 0 such
that the right hand side of (2.79). Hence,

(p1 = p)(p — pz) = —p* + 2a3p + a3 = 0.
This yields
p1+ p2 =20y, p1p; = 3. (2.82)

Equation (2.81) gives for a full period the angle

2
Ap =25~ 21 (1 +3K%2 () )
1

Therefore, we get a perihelion shift
2
— Aep — D7 — 2.2 (2
M = Ap — 21 = 6mK2c? ( ﬁ) (2.83)

in the direction of the motion of the test particle.

An elliptic curve with the semi-major axis aand the eccentricity esatisfies

1 1
—=a(l- —=a(1 )
o a(l—e), p a(l+e)
It follows by (2.82)
2 1 1
a(1-e2) ~ a(1-e) + a(1l+e)

= p1 + pp = 2a, ~ 2Kc? (%)2.

Inserting this relation into (2.83) we have

_ kMg
Y =61 Falloen) (2.84)
Hence, we get for the perihelion shift of a test particle in a spherically
symmetric gravitational field the same result as by Einstein’s general theory of
relativity.
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2.9 Radar Time Delay

We consider a light ray starting from an observer at (5, ¢,), passing the
spherically symmetric body at (7, 0) and reflected at a body with coordinates
(r1,¢1) and then travelling back to the observer on the same way. We will
calculate the needed time and compare it with time when there is no
gravitational field.

We start from equation (2.60) for a light ray, i.e., the relations (2.71) hold.
Hence, it follows to first order in K

() =~ (D]
Inserting (2.39) we get
(@) =) e (1+4)/(1+88) 42 (1-47)

Therefore, the time for the propagation of a radio signal from (ry,0) to
(ri, i) is

t(rom) = %f:;ir (1 + 45) /S(r)dr

where

1/2
S(r) = <r2 (1+4%) -7 (1+ 4%)) .
Elementary integration gives
t(ry,m) = %{S(ri) + 2K In ((ri + 2K + S(rl-))/(rO + 2K))}.

We get to first order in K

1 T — 19\ /2
t(ro,my) = ;{(Tiz —13)"* + 2K (1_0)

1+ 10
+2K In ((T‘i + (riz - r02)1/2) /r0>}
~2(n —%:—€+2K+ 2Klnzr—roi).
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The time of propagation from (ry, 1) to (3, @,) is

t(ry,1m2) = t(ry, 1) + t(1,72)

~ %(n +r—2(B-B) 42K (24 In ‘”“2)). (2.86)

o ré
The Euclidean distance between (14, @;)and (1, @,) is
R = {(rycos@, — 1,c050,)? + (r15ing, — rysing,)?}1/?

=1 t+T— ESLE (Y1 + )2

21141,

where (2.75a) is used. Inserting (2.75b) it follows to first order in K

~ _1m (pon)__m%
R~m+n 21141, (r1 + rz) T 1, +4K.
Hence, we get for the time delay At of the radio signal from (r,¢,) to
(12, @) and back

At =2(t(ry,my) - 2) ~ 4K In" (2.87)
Formula (2.87) is identical with the corresponding result of general relativity
in the case when harmonic coordinates are used whereas when Schwarzschild
coordinates are considered additional expressions appear (see e.g. [Wei 72],
[Log 86]) . In the theory of gravitation in flat space-time the distance is always
the Euclidean one whereas in Einstein’s general theory of relativity we have a
non-Euclidean geometry implying the mentioned difficulty. Experimental
results confirm the result (2.87) to high accuracy (see e.g. [Sha 71]).

These results about static spherically symmetric stars with the aid of theory
of gravitation in flat space-time can be found in the articles [Pet 82, Pet 88].

Summarizing, the results of flat space-time theory of gravitation for static
spherically symmetric stars agree with the corresponding ones of general
relativity to high accuracy by virtue of weak gravitational fields.

2.10 Neutron Stars

To calculate neutron stars we have to solve the differential equations (2.10)
and (2.12) together with an equation of state (2.13). The boundary conditions
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are given by (2.14). The boundary r, of the neutron star follows from (2.15) and
the mass is given by (2.19) together with (2.16). This problem seems to be not
solvable analytically. Numerical methods must be used. The details of the
numerical computations can be found in the paper [Sta 84]and only the results
will be given. Several equations of state are considered. For p(r) <5-
10* g/cm3 the table of [Bay 71] is used and then for p(r) > 5- 10 g/cm? the
equations of state are continued by the tables of several authors The results of
the flat space-time theory of gravitation are given in the following tables where
the author of the continued table is stated.

Table 1. [Bet 74]

p(0) - 10715 Geben Sie

L 10-1

hier eine/FormeI ein. p(;/gm130 fre) g(ro) h(ry) My/Mg 7o km
glcm=3
0.859 0.085 0.765 0.772 1.32 1.05 10.62
2.010 0.547 0.546 0.573 1.90 2.35 10.33
3.160 1.268 0.474 0.513 2.23 2.69 9.58
5.350 3.071 0.426 0.475 2.51 2.77 8.64

Hence, we get with the equation of state of [Bet 74] a maximal mass of
2.77M with a radius of 8.64 km and a central density of 5.350 - 10*° g/cm?.

Table 2. [Wal 74]

2(0) - 10715 p(0) - 1015

glem= glem= f@ro) g@y) h(ry) Mg/MO To km
1.149 0.315 0.526 0.553 1.99 2.88 12.03
2.132 0.974 4.425 0.469 2.54 3.61 11.33
3.060 1.651 0.405 0.455 2.69 3.64 10.82
4.547 2.785 0.399 0.452 2.73 3.53 10.36
8.360 5.829 0.401 0.455 2.69 3.40 10.04

This equation of state gives a maximal mass of a neutron star of 3.64M with
a radius of 10.82 km and a central density of matter of 3.06 - 10*° 65143.

In the paper [Hae 81] several equations of state are studied and the maximal
mass of neutron stars is calculated by the use of Einstein’s general theory of
relativity. Here, we will give for two equations of state the maximal mass, the
radius and the density of matter in the centre of the star by flat space-time
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theory of gravitation. In brackets the corresponding values of general relativity
are stated.

M = 4.14Mg(= 2.5Mg), 1y = 12.06 km (= 12.1 km),
p(0) = 2.664 - 10> g/cm?3 (= 2.66 - 10'° g/cm?).
M = 5.13Mg (= 3.1Mg), 1, = 14.83 km (= 12.8 km),
p(0) = 1.502- 10> g/cm?3.

We see that although the radius of the neutron star has in both theories about
the same value but the maximal mass can be greater in flat space-time theory of
gravitation than that resulting by the use of general relativity.

At last we will calculate neutron stars with a stiff equation of state, i.e.
p=p—pitp (=12)
where p; and p; are taken from the table [Bay 71] with
p; =5.09-10" g/cm3, p, =822-10'%2 g/cm?3,
py =2.00-10* g/cm3, p, = 1.44-10'2 g/cm3.

For p(r) < p; the equation of [Bay 71] is used again. We get the maximal
mass, the approximate radius and the central density of matter

M; =5.09 Mg, 119 = 13.42 km, p;(0) = 1.54-10%° g/cm?3.
M, = 8.32 - Mg, 159 = 21.06 km, p,(0) = 0.57 - 10> g /cm3.

Again we remark that the maximal mass of a neutron star can be greater than
that received by general relativity. The maximal mass of a neutron star
calculated by Einstein’s theory with a stiff equation of state is 3.2 - Mg[Rho 74].

Summarizing, the mass of any star estimated by observations may suggest a
black hole for this star by general relativity whereas the star can be a neutron
star by the use of gravitation in flat space-time.

Details about the numerical calculations and further results on neutron stars
can be found in the paper [Sta 84]. Results on neutron stars based on Einstein’s
theory can be found e.g. in the books [Dem 85] and [Sha 83]. Static neutron
stars which have the form of a geoid are numerically computed and can be
found in [Neu 87] based on the theory of gravitation in flat space-time.
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In this chapter the theory of gravitation in flat space-time is applied to non-
static, spherically symmetric bodies. The results of this chapter are contained in
the article [Pet 92b].

3.1 The Field Equations

The line-element is given by the metric (2.2). The proper time can be written

(cdz)? ==A(r,t)(dr)* = B(r,t)r’((d 9)* +sin’ 9(dp)?)

(3.1)
+C(r,t)(dct)® — 2D(r, t)drdct

By a transformation of time
ct = F(r,ct) (3.2)

we can eliminate the expression with drdct.With the notation (%) = (r,9, ¢, cf)
the line-element can now be written in the form

(dS)Z = —nl]dfldféj (33a)

where

oF . oF
Tha :1_(5)217722 = r217733 =r”sin’#, N = (ﬁ)z

_p, = OF =0(else) &3
Tha =M =50 g
The proper time is now given by
(CdT)Z = —gudfldfj (34a)

where

Gu =Y f(r,ct), 9, = rz/g(r,cf)
Os = r7sin” 9/g(r,cf), (3.4b)
9 =_l/h(r1Ct~): g; = 0(i = j)

with new functions f(r,ct), g(r,ct) and h(r,ct). The energy-momentum
tensor of matter described by perfect fluid (1.28) where p,p and (u') are
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functions of » and . We have by virtue of spherical symmetry for a collapsing
body

u?>=u3=0. (3.5)

dzt

It follows with u! = = and
dt

—gijutu) = ¢?

by virtue of (3.5) and (3.4b)

wh = [h ((1 ' ;(“;)2)>]1/2. (3.6)

Hence, we consider a non-static spherically symmetric body with only a
radial velocity. The energy-momentum tensor of matter (1.28) has by virtue of
(3.4), (3.5) and (3.6) the form

T(M)j = (p+p) ;@) +pc?,(i=)=1)

= pc? (i=j=23)
1

= —(p + p)c? (1 +%(u—)2) +pct (i=j=4)

[

/ .
—(p +p)eu (%(1 + ;(“—1)2)>1 Ci=1j=9 &0

1 1 (uh\? 1z
(p +P)cu1?(h (1 +2(%) )) (i=4j=1)
=0, ((#))

Put for any function g (r, t) define
By = 0B/0r, Bay = 0 B/3(ct), B1ay = Brary = 0%B/0rd (cb).

Fori = 1,4 put
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Lt fw 5% 90 (Fé)h)(.) (F(4)h)

Tt g g Foh  Fgh

(38)
F&h F&h

1 o0, FoMy | f, 00, (Fh),
20f "9 TTRgh | F g Fin

The energy-momentum tensor (1.35) of the gravitational field can be written
by virtue of (3.4b) and (3.3b)

i _ 1
T(G)j T BKF (4 g(fR)Y/2

2 2
Fan\™ _ s (Fan\ _ 2 (U-9)? _g(@)
{ Lty L44 h (F(4)) f(F(4)> ng< fa h \F(q) >}
(i=j=1)
Fay Fan )| ¢ _
—‘L11+ L44 h(,,@)) —f(m> i=j=23)

Sty (), o (Fae) _ 2 (G-9? g @)2 (3.9)
X 2L11 2L44+ n ( > +f(F(4)) rzg fg n \Fs

F(4) - -
(i=j=4)

sz(ll)F(14)} [ R
XfLyy —2—-S2-080 (i=], j=4
fLia n Fa Fo ( =4

x{=hLyy + 27 0500 (izg o)

x {0} (else)

We get from (1.21b) with (1.10)

A 1 i

- e — 0 Y
Tw; = 2KF(4)g(fh)1/26]'

(3.10)

Let us define the foIIowing differential operators L, and L, of order two:

2F(4) {667" (rz g(ffl:)i/z %) B % (TZ g(f:)uz %)} (3.113)

— 0 (.2 f? 9 (.2 f
10 = i o (g 0) = e (2 gt oo ) @110

Li(y) =
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Then, the field equations (1.24) with (1.23a) and (1.23c) have by virtue of
(3.4b), (3.7), (3.9) and (3.10) the following form

2_ 2 2 2 2
L(f) = —2 {if o p(fen) - 2L (fun) +§fLu+2A}

Fpg(Fmi/2 |v2 f

@ @ (3.12a)
— 2 1..1y2
+2ic|(p = p)e? +2(p +p) 7 (w1)?]

_ 1 _240-9) 2 &% (Fa\ N2
L1(g)—F(4)g(fh)1/2{ 7 =z (F(4)) + 2A¢ +2k(p — p)c=  (3.12b)
Ly (F2)h) = —=— iﬁ(@)z +ﬁ(@>2 —LhLy, +2A

IO Fayg(rm /2 |12 \Fea h\ Fea) 2 (3.12¢)
) .
—2ic|(p +3p)c? + 2(¢ +p)  (w1)?]
-t [2d8Fw (Faw(,fFan _ Fun) _1
La(F) = Fg(fh)1/2 {TZ h F(g) + Fla) (2 h Fa) F(4)> 2L
1/2 (3.12d)

+4x(p + p)cut G (1 + % (uTl)z>>

The field equations (3.12) are four partial differential equations for the four
unknown functions f, g, h and F defining by the use of (3.4b) the gravitational

potentials (g;;).

3.2 Equations of Motion and Energy-Momentum
Conservation

In flat space-time theory of gravitation we have in addition to the field
equations the equations of motion (1.29a) and the conservation law (1.25a) of
the whole energy-momentum. One of these equations follows by the other one
and can be omitted. The equations of motion (1.29a) yield by the use of (3.3b),
(3.4b) and (3.7) the two equations
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%{ai(rz':wT(M )i)+i~(r2F<4)T(M )f)}

(3.13a)
SEEACE VI (3—%}(% (”T(M)4
2 f r g
1 (o 0
°F, {a (r’F, T(M)4)+T(r F T(M)A)} 0130

1f g 1h
=g TMY == BT (M), 5 T (M)

Equation (1.25) implies the following two equations for the whole energy-
momentum

1 (0/, 1 0 2, Fauy_:1 Fay_s
—(r'F,T; F, .7 ) ——T, ——=T, ——T,
r’F, {8r(r @ ) oct (I’ @ )} r’ @ ) Fa ‘ (3.142)
—( 2TH +o= (r2T44) = 0. (3.14b)

The equations (3.12), (3.13) and (3.14) describe a spherically symmetric
collapsing body where one of the equations (3.13) or (3.14) can be omitted.
Furthermore, A = 0 is assumed for a star by virtue of its smallness. In general
one replaces p by p + pIl where IT denotes the specific internal energy and one
adds the conservation law of matter (1.29b) and an equation of state of the form

p =p(p,1D). (3.15)

Hence, we have eight unknown functions f, g, h, p,p I and u' (u* follows
by (3.6)) depending on r and £ and eight independent equations (3.12) (four
equations), (3.13) or (3.14) (two equations), (1.29b) (one equation), and (3.15)
(one equation).

A solution of these equations for a collapsing star is at present time not
known, also numerical solutions are not computed. Therefore, it is an open
question whether black holes exist or not by the use of this flat space-time
theory of gravitation.

The corresponding equations by Einstein’s general theory of relativity are
stated e.g. in the papers [May 66] and [Mis 64]. They are simpler than the above
ones because Einstein’s theory allows to reduce the number of unknown
functions by suitable transformations.
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In this chapter the theory of gravitation in flat space-time of chapter | will be
applied to rotating stars. Rotating neutron stars (pulsars) are numerically
computed. All the results of this chapter are contained in the work of [Kus 88]
where additional details can be found.

4.1 Field Equations

The line-element is again given by (1.1) with (2.2).The gravitational
potentials are:

. 1 g o g _r’sin g g _ 1
11 f 1 J22 g 1 933 d 1 Y44 hn (41)
01, =0y =2ar, gy =0, =brsing, 9; = O(else)
Where the six functions f, g,d, h, a, b depend on r and 9. Put
1 1
Ql=5—a2, Qz=a+b2 4.2)
Then, we get
(—=G)? = r2sind(Q,0,) /2. (4.3)

The energy-momentum tensor of matter is given by perfect fluid (1.28) where
p,p and (u?) are functions of » and 9. Let us assume that the star is rotating
with constant angular velocity about an axis then the four-velocity is

(W)= (2,222 2 = (0,0,0,0)% (4.4)

Put
7, =-r?sin’ Bﬁ—crwbsin&l

(4.5)

CZ
z, =——Craobsin g
h

Then, we get from relation (1.8)

da 1
d_‘:,'- = Z(Zl + 22)1/2. (46)

Hence, we receive from (4.4) the four-velocity

ul = u? =0,ud = welzy + 2,)" V2, u* = c%(z, + 2,)" V2. (4.7)
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Therefore, the energy-momentum tensor of matter (1.28) has by virtue of (4.1)
and (4.7) the form

T(M);=pc” (i=]j=172)
=pc? —(p+ p)c’ 2,/(2,+17,) (i=]=3)
=pc’ —(p+P)C* 2, /(2 +2,) (i=j=4) 4.9)
=—(p+p)wczz/(zl+zz) (i=3]=4) .

=—(p+ p)(cs/w) 2,/(z,+12,) (i=4,j=3)
=0. (else)

The formal representation of the energy-momentum tensor of the
gravitational field with the aid of the potential functions f, g,d, h, a, b will now
be stated. With the aid of complicated tensors D;; (i, j=1,2) with D, = Dy,
which contain quadratic expressions of first order derivatives of the potentials
let us define new tensors

H} = g*Djy. (4.9)

Then, the components of the energy-momentum tensor of the gravitational

field needed subsequently for the field equations are

(6 = @22 (51 _pz—p3)  (isje1)
%( H +H} — H}) (i5j=2)
= @0 1z 43y (i==9) (4.10)
= @@ gz k) (=j=4)
= @0 (g o)

8K

To get the field equations we put for any function g(r,9):

_ 98 _ 9B _ 9% _ a%p
Bay=35, B2=35 Br2=7575= 300r (4.11)

Furthermore, we define for i = 1,2
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Hi=3 (@), 0 (&),
(4.12)
Ai=a (9%21)(1) _é(ﬂ%)(i) + (—1 + 1£+2a g )Siz
Bi=b (), "2 (&),
m=a((), +GR), )~ @), D)+ (-2
=), ) G )
In addition put
y, = sin92 g asingcos 9, y, = sin” 9 +asin $cos 9,
Y, = Coiz g_ asincos 9, y, = cos” 3 +asin $cos 9, (4.13)
Je =—acos’ 9+ sin 300337 Je = asin® 9+ sin $cos 3

g

The field equations (1.24) with A =0 give the following system of
differential equations:

[0 (R - )| (4.14)
LA

1
r2sind 09

sind (Q,0,)"/? (—;—ja + f%lFZ)]
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1
—(Q,0,)1/? (—raTlM1 + mMz)

_(0,0)12 (y1 _ yz)
Tzhsinz'ﬁﬂz dQl th

1
=2k(p —p)c* +5 (9-192)1/2 (_LD12 +—

rQ g0, Dll)’

1912 1/2(L o _ @
r2 9r r (0192) (g91 Gy rQq GZ)]

rzsl 9 99 [Smﬁ(ﬂl%)l/z (_ ?z_: Gy + fiﬂl GZ)]

1
+(Q,0,)1/? (—r%l]\/h + ﬁTﬂle)

_(0,00)12 (y3 _ y4)
T'Zhsinzﬁnz dQl th

a

_ 241 1/2(__2
= 2Kk(p —p)c +2(9192) ( mlDl +fer Dzz)'

10 2(99)1/2( 1D1_raT1D2)]

2 0r

: 1/2 E
r2sin® 09 [Slnﬁ(ﬂl‘QZ) ( Dl + 0, DZ)]
(9192)1/2 1 1
r2hsin290, [d_ﬂl (yl + }/3) - h_ﬂz (yZ + }74)]

e

= 2Kc? [(p p) —2(p+p)

(@102)'/2
r2hsin29Q,

1 1
[d_gl(h +¥3) +h_ﬂz(y2 +y4) — 2]:

19 Z(QIQ )1/2( o H, _%HZ)]

r2or
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e [smﬁ(ﬂlﬂz)l/z (— oCHi+ finHz)]

Z+Z]

= 2Kc? [(p p) —2(p +p)

1912 1/2(1 4, _ @
r2 or r (0192) (g91 A1 rQq AZ)]

1
r2sing9 09

[smﬁ(ﬂlﬂz)l/ 2 (—;—jm + ﬁAZ)]

1
+(Q,0,)1/? (—T%l]\h + mNz)

_ (0,0,)1/2 (3’5 _ 3’6)
r2hsin29Q, \dQ, hQ,

= (9192)1/2 (——Dzz +— DlZ)

L2000 (b - £50)

1 1/2(_ar 1
r2sind 09 Slnﬁ(ﬂlQZ) ( Q4 By + 1 Bz)]

(0,0,)1/2
r2h15122199 Q4 ()71 +3)

= —4kcwrsind(p + p) — .

Hence, we have six differential equations for the six potential functions
f,g,d,h,a,b. Itisworth mentioning that the equation (4.14) for the function a
does not depend on the matter tensor (4.8) but it cannot be omitted because the
equation implies that a = 0.
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4.2 Equations of Motion

We get from the equations (1.29a) by the use of (4.1) and (4.8) the following
two differential equations

dr 2| fgQ, | f g dhQ, | d h

b(rb
1 (rb), a(ra), p+1 S )
rr Q, Q r| fgQ, dhQ,

AR, (4.15)

2 1,+1,

f dy h bb, aa
SO T 0 TS O 1 Y s O B C I
dg  2[fga f g ) do,l d h Q, Q

_E (21 + Zz)(z)
2 1,+1,

dp 1

(p+p)

The conservation of the mass (1.29b) is fulfilled by virtue of (4.4).
The boundary of the rotating star is given by the condition
p(r,9) =0 (4.16)

implying that the boundary r(9) depends on the angle ¥ by virtue of the
rotation of the star. Hence, spherical symmetry cannot hold.

It is worth mentioning that we have two equations of motion (4.15) but by
virtue of the equations of state of the form (2.13) we have only one function
p(r,9). This is connected with the assumption that we consider a rigid body

rotating about a fixed axis with constant angular velocity‘fi—‘f = w. Hence, a

perfect fluid for a rigid body rotating about a fixed axis with constant angular
velocity w and a velocity of the form (4.4) does not exist because gravitational
forces work. This gives a solution to the paradox of a uniformly rotating disc
noted by Ehrenfest and considered as justification for the introduction of non-
Euclidean geometry in general relativity theory of Einstein (see e.g.[Mol 72]). It
should be mentioned that any transformation of the pseudo-Euclidean geometry
conserves the flat space-time metric. Therefore, we have for a body rotating

about an axis to introduce additional velocities % # 0 and perhaps also % #0as
functions of r and 9 which will give new differential equations. A simpler
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possibility without great changes of the equations is the assumption that w is a
function of r and 9.

Rotating stars studied with the aid of general relativity can be found e.g. in
the article [Dem 85].

4.3 Rotating Neutron Stars

In the following, we consider a rotating neutron star with constant angular
velocity w approximately described by the equations (4.14) and (4.15). The
results of this sub-chapter can be found in the work of [Kus 88].

To simplify the equations (4.14) and (4.15) all small functions a and b in the
non-linear expressions are neglected, i.e. we consider to the lowest order a non-
rotating star studied in chapter 2.10 where all functions only depend on r . We
put for any function

B(r,9) = Bo(r) + Be(r, ). (4.17)

The function B,(r) describes the non-rotating star and S, is the small
correction implied by the rotation. Then, we have by virtue of sub-chapter 2.10

do =Jo» Qg = bO = Wqo = 0. (418)

For the angular velocity it is assumed that the expression

Q:=Zw<<1. (4.19)
The transformations
-G 1/2 5 -G 1/2 5
p = (__n) F.p= (__n) F; (4.20)

give new expressions p and p for pressure and density. In the following
quadratic expressions of a and b are omitted. Then, these approximations imply
with the aid of (4.3) and (4.2)

_ P _ p
P = Ggamz P~ Grganyi/z (4.21)

Now, the equations of motion (4.15) can for i = 1,2 approximately be
written by the use of (4.4) and by neglecting quadratic expressions of the small
guantities a and b in the form
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- 1,  (Z1+22)
Py = =5 +p) =, (4.22)

Zl+Zz
Let us now assume an equation of state
p =p(/) (4.232)

Therefore, on the above approximations and the assumption (4.23a) with
(4.20) the two differential equations (4.22) depend on one another in contrast to
the general case (4.15). In the following, we use an equation of state

p=CptY,y=2/3 (4.23b)

with a suitable constant C. Then, the two differential equations (4.22) have a
unique solution for g which will not be given. By virtue of (4.23b) § can be
calculated and we get p and p by (4.21). It seems more natural to assume an
equation of state for p as function of p instead of 5 as function of p. Hence, we
see that a rigid body can be approximated on some assumptions but it does not
really exist. With the approximation of the form (4.17) for the pressure p and p
we can calculate the pressure p, and the density p, of the non-rotating neutron
star and the corresponding approximated values p, and p which follow from the
above equation. Substituting all the expressions into the field equations (4.14)
we get to the lowest order three ordinary differential equations for the functions
fo(r), go(r) and hy(r) describing the non-rotating neutron star. In addition, by
linearization of the equations (4.14) we get six linear partial differential
equations for the approximated functions f;, g., ds, he, a. and b, depending
onr and ¥. It is worth mentioning that the equations describing the non-rotating
neutron star are different from those of sub-chapter 2.10 by virtue of the
different equation of state.

Numerical methods are used for the solution of the problem where angular
velocities w € [570,1034] é are considered fulfilling the assumption (4.19) and
being observed (see [Bac 82]). We will give some of these results in the
following table where in the column with w = 0 the results for the non-rotating
star are stated. Here, a and b denote the semi-major and semi-minor axes of the
flattened rotating body (pulsar) where a = b gives the neutron star.

70 http://www.sciencepublishinggroup.com



Chapter 4 Rotating Stars

Table

5(0)-10-15 5(0)- 1015 a ®

g/cm? g/cm? M/Mo km olas 1/sec

0.895 0.0850 1.30 14.4 14.4 0
0.895 0.0850 1.31 14.4 14.4 570
0.895 0.0850 1.33 14.4 14.3 1000
0.898 0.0852 1.35 14.6 14.0 2000
0.904 0.0855 1.38 14.6 13.8 3000
0.916 0.0862 1.42 14.91 13.3 4030

1.53 0.317 1.98 14.6 14.6 0
1.54 0.138 2.06 14.8 14.2 1000

2.01 0.547 2.09 14.0 14.0 0
2.03 0.550 2.17 14.2 13.6 1000

The table shows that greater angular velocities and greater densities with
greater pressure give greater deviations of the mass and semi-axes. For too
small angular velocities and densities there are negligible deviations of mass

and of semi-axes from those of non-rotating neutron stars.

Furthermore, it follows by comparison with the results of sub-chapter 2.10
that an equation of state of the form (2.13) gives a greater mass than an equation
of state (4.23a) with (4.21).

More details of the approximations and the numerical computations of
rotating stars can be found in the work of [Kus 88].

Results about neutron stars based on the theory of general relativity are given
by [Har 67] and can also be found in [Dem 85] containing further references.
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In this chapter post-Newtonian approximation of the gravitational field in flat
space-time of a perfect fluid is studied. The conservation laws of energy-
momentum and of angular-momentum are derived. The equivalence of the
conservation law of energy-momentum and of the equations of motion is shown
to the studied accuracy. All the results of post-Newtonian approximation in flat
space-time theory of gravitation agree up to the studied accuracy with those of
general relativity as studied by Will in his famous book of Will [wil 81].

5.1 Post-Newtonian Approximation

The study of post-Newtonian approximation of gravitation in flat space-time
follows along the considerations of Will. In this sub-chapter we assume a matter
tensor of the form

T(M){ = (3)1/2 {(P (1 +CEZ) +P) Gik %%‘chzfsij} (5.12)

where p denotes the density of matter, II is the specific internal energy, p is the
isotropic pressure and (‘Z—’:) is the four-velocity. Equation (5.1a) yields by the
use of relation (1.8)
T(M)§ = — (ﬁ)l/2 (p(1+5)-3p)c2 (5.1b)
n c

The post-Newtonian approximation is an expansion of the gravitational field
in powers of % Subsequently, we use the pseudo-Euclidean geometry given by
(1.4) and (1.5). Let us start with the Newtonian gravitational potential defined
by

AU = —4mkp (5.2a)
with the solution
_ 5o P) o3
Ux,t) =k o dx'3. (5.2b)

Sub-chapter 2.2 implies the approximate tensor
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9; =1+C£2U(i =j=1273)
:_(1—C%uj(i = j=4) (5.32)
=0(%i#j)
with the inverse tensor

g" =1—C32U(i=j=1,2,3)

:—(1+C%Uj(i = j=4) (5.30)
=0(i=#j)
Let v denote the velocity of the body, i.e.
v=@w,v3vd) = (dd—f,dd—f,dd—f) (5.4)
And assume in analogy to Will
v|2 1 P In 1
] ~zv-5~5~0(3) (5:59)
and
a/ot
3/7| ~0(1). (5.5b)

The post-Newtonian approximation of gravitation now requires the
knowledge of g4, to 0 (C%) of gi4 t0 O (613) and of g;; to 0 (Ciz) (i,j=1,2,3).
Hence, we make the ansatz

g, [13“)5 (i.j=123
= Avi=123]=9)
C
. (5.6a)
:——3Vj (I =4 ] 21,2,3)
C

2 1 L

with
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Vi~S~0(). (5.6b)
The inverse tensor of (5.6a) is
g’ =[1—C22UJ5" (i;j=12,3)
= Av=123]=4)
‘; (5.6¢)
:_?Vj (i=4;,j=1,2,3)
=—(1+%U +i4(—s +4u2)j(i =j=4)
c C
In addition, we have
_\1/2
()" ~1+2v (5.60)
It follows from (1.13) and (1.12) by the use of (5.4) and (5.6)
(5.7)

2
dt 1 1|v
Ex14+=U —|—|.
dt +02 +Zc

We get from (5.1) with the aid of (5.6) and (5.7)
T(M); = pv'v/ +pc?sf (; j=1,2,3)

2
P 4
+;)_EPVJ

v
Cc

; m, 6
=pcv‘<1+c—2+c—2U+
(i=%4j=123) (589

v|2
C

+2)  (=L2.54)

=—pcvi(1+%+%U+

BINGED

v
Cc

I 2
= —pc? (1+C—2+C—2U+

too(1)and 0 G) respectively. Furthermore, we get to 0(1)

T(M)¥ = —pc? (1 + CEZ + CZ—ZU - 3%). (5.8b)

http://www.sciencepublishinggroup.com 77



A Theory of Gravitation in Flat Space-Time

We have from (1.21a) and (1.9) by the use of (5.6) the mixed energy-
momentum tensor of the gravitational field to the same accuracy as that of
matter

i 1 8 ou oU ou ou
@) = s

L - D) (:171.29)
_ _18 0uau 6U (i=4; =1, 2, 3)
(5.92)
= +——-—-— (i=1,23;j=4)

8Kk c* 0x!dct

ouU oU
T 8K c* Zk 19xk axk ( J 4)

and

ou ou

l _
T(G)l "8k c4 Zk 19xk gxk’

(5.9b)

We now obtain from (1.24) with the aid of (5.6), (5.8), (5.9) and (5.2) by
longer elementary calculations

AV; = —4mkpvt (i=1,2,3) (5.10a)
And

2
aS—4%i (U )+2 o = 8mkp (11 + 20U + 2[v|? + 3%) (5.10b)

Here, (5.10a) follows with i=1,2,3; j=4 (or i and j exchanged ) and equation
(5.10b) with i=j=4. The equations (1.23) with i, j=1,2,3 are identically satisfied
by virtue of (5.2).The solution of (5.10a) is given by

kf””” d3x’ (i=1,2,3) (5.11)

where p’ = p(x’,t) and correspondingly v’ To solve equation (5.10b) we use
the identity

0 ou
85U =2%5 75 (U i)

and introduce in analogy to Chandrasekhar the super-potential

x=—k[p|lx—x'|d3x (5.12a)
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which satisfies
Ay =-2U. (5.12b)
Hence, the equation (5.10b) can be rewritten

aZX pCZ
A(S—ZUZ—F) =8nkp(l'l+2U+2|v|2+37). (5.13)

Furthermore, let us put (see |Wil 81])

d3’¢2 kJ-LY g

\ \ |x x\ ’ (5.14a)
_ J‘ p ¢4 dsx.
[x=x]| X X\
and
¢ =201+ 2¢, + P3 + 3¢, (5.14b)
then, the equation (5.13) has the solution
S=2U%+=—=%-2¢. (5.15)

at2

Hence, the tensors (g;;) and (g%) of (5.6a) and (5.6c) are known to the
needed accuracy. Will [Wil 81] has shown that any metric theory of gravitation
may be given by a suitable transformation in the so-called “standard form”. For
the metric (5.6a) this transformation is given by

i.e. only by a time-transformation. But it will be shown that there is no necessity
for such a transformation as already remarked by Chugreev [Chu 90].

5.2 Conservation Laws
When we start instead of (5.6a) from the better approximation for i, j =1,2,3
2 1
gl] = (1 + C_ZU) 61] +FS”

where S;; = 0(1) then the energy-momentum tensor (1.21a) can be calculated
to the accuracy
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T(@)i~0(%) (.j=123)

~0(3) (=1,2,3,j=4), (i=4;}=1,2,3) (5.16)

~0(1) (i=j=4).

Elementary calculations give

oU oU
oxtoxJ

(

1 0U dUu

Kc* dxtact

1
Kc*

T(G); =

(

2¢?

au ads

oxtoxJ

Kc* dct dxJ

1 3
T ket Zk:l
where

C4
ELG

4y 4 vq
¢ dxiox) c24k=1

)+¥§

oV 0V
oxt oxJ
v os
dxJ dxt

Lg) (i,i=123)

(i=1, 2, 3; j=4) (5.17a)

(i=4; =1, 2, 3)

ouU ou
oxk axk

(i=j=4)

Y]
oct

4
c?

s (oU Y ’ s (oU Y
25 &) S
4 (V) 13 0U 35

(5.17h)

Hence, the energy-momentum tensor T(G)j'- of (5.17) is given to the stated

accuracy (5.16). It follo

ws that the knowledge of S;; is not necessary.

We will now calculate T(M)¥ to the same accuracy as stated by (5.16). It

follows from (1.28), (5.

T(M)' =p

80

4), (5.6) and (5.7) for the symmetric matter tensor

1+Ez+i2U+
c° ¢

2
+ p]vivj +pc?st (i,j=12,3)
P

2

P

+i2U+
Yol

c

I1
1+—

- (5.18)

vai (i=123j=4)

1+E+iU+
c° c

2 2

http://www.sciencepublishinggroup.com



Chapter 5 Post-Newtonian Approximation

We obtain from (5.17) by the use of (5.13), (5.2a) and (5.10a)

aikT(G)ﬁ =—p[1+nz+4zu B\ p]guj
X c° c c X (5.19)
4 s OV, 1 S
P2t 50t 2 o
to accuracy of 0 ( ) and
1 ou
to accuracy of 0 (%) It follows from (5.18) and (5.6a)
;(zgf' TM)¥ = [ +Ez+izu oY +3 p]guj
© ¢ ¢ X (5.20a)
4 o, 1
Sy v Sk p 2 (j-129)
to accuracy 0 ( ) and
L9k eppykt = 1,9V
2 dct (M) P (5.200)
to accuracy 0 (g) Hence, we get by comparing (5.19) and (5.20)
T(G)k = —22% Kt (j=1-4) (5.21)
6xk J 2 dxJ .

to accuracy 0 (%) for j=1,2,3 and to 0 (%) for j=4. The equations of motion

(1.29a) to the above noted accuracy are equivalent to the conservation law of
energy-momentum (see (1.25a))

S (T@F+TNY) =0 (j=1-4). (5.22)
Put

= [(T(®F+T(M)})d3x (j=1-4). (5.23)

Hence, P; is constant to accuracy O (%) for j=1,2,3 and to accuracy 0(1) for

j=4. It follows from (5.23) with the aid of (5.8a), (5.9a), (5.2a) and (5.12b) by
the theorem of Gauf3
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. 2 2
Pj=cfp{v1(1+%+c6—2U+ +%)—1V+ - 6X}d3x(5.24a)

c2 7 " 2c2 ataxi

v
c

for j=1,2.3 and

i 5 2
P, = —czfp<1+c—2+ﬁU+ )d3x (5.24b)

v
c

where the identity

3 oU oU _ 3 0 ou
St sgage = ~UAU + Sioi5x (U5)

is used. Will [Wil 81] introduces for j=1,2,3

[/Vj _ kfpl(v’,(x—x’))(xl_xll) d3x' (5253)

[x—2xr|3

then (compare also Chandrasekhar [Cha 65])

?Px _ o,
o = Vv, — W (5.25b)

We get from the conservation law for mass
((ﬁ)l/ ? d_x")

-n p dt
by the use of (5.4), (5.6d) and (5.7) the conservation law

ap* d *
- + Zi=1m(p vk) =0 (527a)

N 0 (5.26)

to 0 (Ciz) where

2
p*=p(1+f—zu+§§ ) (5.27b)
Hence, the conserved mass is given by
m= [p*d3x. (5.28)

The conserved energy-momentum follows from (5.24) with (5.27b) and by
(5.25)
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o Wt 3 1|2 | p 1
P=cfp|vi (14 g+ 5045 +5) v+ W) (5200
(=1,2,3)
2
p4=—c2fp*<1+c%—$U+%§ )d3x. (5.29b)

By the use of the identity (see e.g. [Cha 65])
prvj d3x = fij d3x

the momentum (5.29a) is rewritten to O (%) in the form

o i} 1 11v|?
Pi=cfp [v1(1+c—2—§U+5;

1
+ %) - ﬁwj] d3x. (5.29¢)

The conserved quantities of mass (5.28) and of the energy-momentum (5.29b)
and (5.29c) are identical with the corresponding results of Einstein’s theory (see
[Cha 65] or [Wil 81]).

It is worth mentioning that we have used the energy-momentum tensor in the

_\1/2
form (5.1a) with the factor (_—f’) to get formally the same results as those of

general relativity. In general the above factor is omitted which would give the
same results in another form of representation.

We will now study the conservation law of angular-momentum (1.53) in
uniformly moving reference frames. We get

M = [(xITH — xIT 4 AU4) d3x (5.30)
is conserved for i, j=1,2,3,4. It follows by the use of (5.6) that AY* = 0 to an

accuracy of 0 (%) for i, j=1,2,3 and to an accuracy of 0(1) for i=4; j=1,2,3 and
i=1,2,3; j=4.

Hence, we obtain to the given accuracy the usual conservation law of
angular-momentum, i.e. without spin expression:

MY = [(x'T/* — xIT™) d3x. (5.31)

In particular, for j=4 we get with (5.23)
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M* = [(=x'T — ctT!)d® x = = [x' T}d*x —ctP. (5.3

If we substitute (5.8a) and (5.17a) into relation (5.32) we get for i=1,2,3 by
elementary calculations

(7N O on__t 1121 @3y — ctP.
M —cfxp<1+c2 —U+3 )dx ctP;. (5.33)

v
c

Defining the centre of the mass (x?, X2, X3) (see Will [Wil 81]) by
2

3 * on_ 1 1
)d x/fp <1+C2 U +3

We get from equation (5.33) by differentiation and the use of (5.29b)

2
)d3x.

v
c

i i x I 1 1
X‘=fx‘p <1+C—Z—EU+E

v
c

d i _ ﬂ .
Xi= —e (i71.29) (5.34)

i.e. the centre of the mass moves uniformly with the velocity — Pi (Py, Py, P3).
4

5.3 Equations of Motion

The equations of motion (1.29a) can be rewritten (see Petry [Pet 91])
] ; j
mT(M)J" = —T(G);, T(M)*. (5.35)
Elementary calculations give by the use of (5.6), (5.15) and (5.25b) for i, j,

k=1,2,3 the Christoffel symbols

10U 10U
S TG) =5
C3 8t ( )4| Cz 8X'

0V,
YL TR
oct|eat ! ox! ox

10U 1[au2 op 70V, 1awiJ

F(G)fm =

PO =G5r a2

XX 20t 2 ét (5.36)

84 http://www.sciencepublishinggroup.com



Chapter 5 Post-Newtonian Approximation

The equations of motion are satisfied to accuracy O (6—12) for j=1,2,3 and to

accuracy O G) for j=4 (see (5.21)). Hence, it follows from formula (5.35) with

j=4 that F(G)?j ~0 (i, j=1,2,3) to the needed accuracy. Therefore, the
Christoffel symbols (5.36) with T'(G){; = 0 are identical with those of general
relativity (see [Wil 81] and [Cha 65]). The equations of motion (5.35) are by the
use of (5.18) and (5.36) given to accuracy O (Ciz) for j=1,2,3 and to accuracy

0 (2) for j=4. Here, the density p* given by (5.27b) may be introduced instead
of the densityp.

Let T(Mz)¥ denote the symmetric matter tensor of the theory of Einstein then
we have the relation

ron’ = ()" 637

The equations of motion of general relativity of Einstein can be written (see
e.g. Fock [Foc 60])

—{(-6®)

where I'(Gg), are the Christoffel symbols of the theory of Einstein and G(E) is
the determinant of the corresponding metric. By virtue of (5.37),n=-1,
G=G(E) 00 (Ciz) and the agreement of I'(G)%, with I'(Gg)}, to the needed
accuracy the equations of motion (5.35) of gravitation in flat space-time agree
with the equations of motion (5.38) of general relativity. Hence, the equations
of motion are to post-Newtonian approximation identical with the results of the
theory of Einstein.

1/2 1/2

T(Mg)™*} = —T(Gp)ju(—G(E)) " “T(Mp)*  (5.38)

Summarizing, all the results of flat space-time theory of gravitation and the
general theory of relativity of Einstein agree to post-Newtonian approximation.

The results of this chapter on post-Newtonian approximations by the use of
the theory of gravitation in flat space-time can be found in the article of Petry

[Pet 92]. Post-Newtonian approximations to higher order (to 2 %) are given in the

paper of ThUmmel [Thii 96] by the use of the theory of gravitation in flat space-
time.
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Chapter 6

Post-Newtonian of Spherical Symmetry






In this chapter spherically symmetric stars with their gravitational fields are
studied to post-Newtonian approximation. The equations of motion of the star
and the energy-momentum tensor are given. All these results agree with the
corresponding results of general relativity to 1-post-Newtonian accuracy
whereas to 2-post-Newtonian approximation the results are different from one
another. In particular, the theorem of Birkhoff is not valid. Hence, the theory of
gravitation in flat space-time and the general theory of relativity are different to
this accuracy.

6.1 Post-Newtonian Approximation of Non-Stationary
Stars

The equations describing a non-stationary spherically symmetric star
depending on the distance from the centre r of the star and the time ¢ are given
in chapter I1l. The field equations are stated in formula (3.12) with p —

p(1+?—2) where II denotes the specific internal energy. The equations of

motion are stated by (3.13) and the conservation of the whole energy-
momentum is given by (3.14). Furthermore, we have an equation of state
(3.15).1t is worth to mention that the equations of field (3.12) together with the
equations of motion (3.13) imply the equations of the whole energy-momentum
(3.14). Hence, the relations (3.14) can be omitted. The conservation law of mass
(1.29b) has the form

rZF( . (ar (r’Fypul) +— o7 (rzF(4)pu4)) =0 (6.1)

where u* is given by (3.6). Hence, we have eight functions £, g, h, F, p, p, 11 and
ul depending on r and £ and eight independent equations: (3.12) (four
equations), (3.13) (two equations), (6.1) (one equation) and (3.15) (one
equation).

A suitable combination of the equations of motion (3.13) yields

al? _E@_Eglog(fg F(4 h)l/2
P

{m_pcap_pc@.og(fg e h)m} (6.2)
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Hence, we replace equation (3.13b) by the simpler equation (6.2). In the
following we introduce the radial velocity v(r, t) instead of u* and u* given by

1/2 1/2
1o, 8 LRS- 6.3
U =v_-= v<1—ﬁ|3|2> Ut =c-= c(1_2|2|2> . (6.3)
fle fle

The post-Newtonian approximation assumes

p=0(1),v=0@), 2 =0(C12j,

- 1 1 (6.4)
—=0 =0(1), —==0 = |

P ar act c

We make the following ansatz for the post-Newtonian approximation
le‘% 5 0( 4)9 1- 2 +1482=0(14)
c C C
2, L 1 (6.5)
F(i)h:1+ S O( J =cf +C3S :O(CJ

Here, the functions U; (i=1,2,3), S;(i=1,2,3) are of order 0(1) and depend on
randt.

The boundary conditions must converge to zero as r goes to infinity. It holds

Fay=1+=2t=0(%) (6.63)
and
h=1+2Us+=(S5-252) = 0(3). (6.6b)

The post-Newtonian approximation implies

S, =5,=0. (6.7)
Hence, we get from the field equations (3.12) to O ( ) that
U=U,=Us=U (6.8)

which satisfies the differential equation
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10 (20U _ _
2 (r ar) = —4mkp. (6.92)
The third field equation gives to 0 (614)

10 (1 20(55-20%)) _ ,0%U _ pc’ 2

r2 or (T‘ or ) =2 ot? 8mkp (H +3 p +2v ) (6.9b)

where — must be calculated to 0(1). The last field equation implies to O ( )
10 ( 0%\ 205, _
r_ZE(T W) r2 ar 167rkpv.
This equation can be integrated by the use of the boundary conditions
implying

d a8,
iza_(rZ a_:) = 161k f_roo pvdx. (6.9¢)

The differential equations (6.9) must be solved by the use of the boundary
conditions.

The solutions of (6.9a) and (6.9¢) are

U = 4nk {%forxz p(x, t)dx — f; xp(x, f)dx},
16mk (1
S4 = Tn{? €5

Equation (6.1) gives by the use of (6.3), (6.5) and (6.6a) to 0(1)

(6.10a)

pvdx + %rz f; pvdx — %f; xzpvdx}. (6.10b)

9 L 10 2, .y
oty (2P =0
Differentiation of equation (6.9a) gives by the use of this relation

190 2 0 (0U _ a_p _ ii 2
r2or (1‘ 67"(61:)) = —4mk at 4nkr2 or (r*pv).

Elementary integration yields to 0(1)

ou r
o = 4mk . pvdx. (6.11)
Equation (6.9c¢) gives by differentiation and the use of (6.11)

18 ( 58 (85,)\) _ a9 (r _ L 9%U
r—za(r E(E)) = 16mk oz [, pvdx =

atz’
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Therefore, equation (6.9b) can be rewritten in the form

1 0 2 0 2 108, _ pCZ 2
——(r 2 (ss—2v —56—;)) = —8mkp (11 + 3%+ 2v ) (612

r2or

Let us now introduce the potentials in analogy to (5.14)
_ ler, r 2
= 4ﬂk(Fjo X pvedx —L XpV dxj,
1 pr r
¢, = drk (Fj.o xzpl‘ldx—.[w Xpl_ldxj, (6.13)

¢, = 4rnk [%J'Or x? pcdx —J'r xpczdxj.

The differential equation (6.12) has the solution

S; =207 + 255+ 2201 + 3 + 30). (6.10c)

The relations (6.10) give together with (6.5), (6.6), (6.7) and (6.8) the post-
Newtonian approximation.
The energy-momentum tensor of matter (3.7) can now be given to accuracy

T(M); =0(Cizj,(i=j=1—4)

- O(C%j,(i ~1j=4) (6.14a)
=0(3j,(i=4;j=1)
C

and the corresponding tensor of the gravitational field

1), =O(ij,(i ~j=1234)

CZ
(6.14b)

=0(Ci3j,(i —1j=4)(=4]=)

The expressions of these tensors to post-Newtonian approximation are
omitted but they can be found in the article [Pet 94a].
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We will now give the equations of motion to post-Newtonian accuracy of
0 (Ciz) We use the differential equations (3.13) with matter the tensor (3.7), the

differential equation (6.2) and the conservation law of mass (6.1). The post-
Newtonian approximations (6.5) with (6.6), (6.7) and (6.8) are used.
Furthermore, the representations (6.10) are introduced. After longer calculations

the following post-Newtonian approximations to 0 ( ) are received:

0, 1
5’?:———0 pY)
(6.15a)
1| opc’ Vo r
+C—2{v p» +47rk(2r—2j0 szdX+LVPdXH
oIl oIl
x o
) ) (6.15b)
pcz{_lzai( 2) Clz[vlapc +4rx k( Ixzpdx+3J' VdejJ:|
ov ov  109dpc? 1 pc? 2
= va e (1 (M e au +20?)]
ou 2 (pc?
+ aT(”Tz(T‘ZU))
4mk 01 4k x ~
—a I e (2t + 5y 0 Ddy) dx (6.150)

4-77.'k 1
cZ 2

v 10(r*v) (pe? | pc* 0 (PC) i(p_cz)
+czr2 ar <p+p6H +‘06p p

+ 27, (le for x2pdx + [ pvdx).

k ~
= I x%p (v2 + I+ X y2 p(y, t)dy) dx

c2

In the equation (6.15c) we have to eliminate U by relation (6.10a). Then, the
equations (6.15) are three integro-differential equations to post-Newtonian

approximation 0 ( ) for the three unknown functions v, p and I1. Let us assume
an equation of state

- =T1B(Il,p) (6.16)
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with a suitable function B. The boundary R(%) of the star follows from (6.15b)
with » = R(?):

2 (NR®, D) = ("’“(r D 4,0 ‘*)) (r = R®)~p(RD) = 0.

Therefore, we have that

NRE),E) = N(R(E,),E) = 0 (6.17)

if for a fixed time £, the relation (R (£,),£,) = 0 holds. Then, relation (6.17)
defines the boundary of the non-stationary star to post-Newtonian accuracy. The
equation (6.17) is independent of the equation of state (6.16) but (6.16) is in
agreement with (6.17).

The detailed longer derivations of the equations (6.15) are given in [Pet 94a].

We will now study the potentials in the exterior of the star, i.e. r > R(%). It
follows from relation (6.5) with (6.6), (6.7), (6.8) and (6.10)

frgr1-3U (6.18a)

308,

2 1
h~1+5U+ C—4(2U2 —>or T 2Q2¢1 + ¢3 + 3¢4)) (6.18b)

with
U=k Oooxzpdx
% 16mk 1 o0 36(pv)
at ~ 3 rfO ot dx
201 + s + 3, = [ x? p (202 114+ 32 )d.

It holds (see [Pet 94a)) that the gravitational mass to 0 (Ciz) is
oo 1 1
My = 4m [ xzp{l +§(H+EU+UZ)}dx (6.19a)

Hence, relation (6.18a) gives to 0 (Ciz)

f=g= (6.19b)

Relation (6.18b) can be rewritten by the use of (6.19a) to 0 (614)
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kM kM, Y’ . :
h~1+ 29+]; 2| =2 —%L st"iV)—xzp v +3P Lyl
cr ¢ cr r ot p 2

In the article [Pet 94a] it is shown that the last expression vanishes. Therefore,
we get to 0 (C%)

h~1+252+42 (kMg) . (6.19¢)
T

The relations (6.19) show that in the exterior of the star the theorem of
Birkhoff holds to post-Newtonian accuracy.

6.2 2-Post-Newtonian Approximation of a Non-Stationary
Star

We will in this sub-chapter only give some results of 2-post-Newtonian
approximation. The study is given in [Pet 94b] where the results are derived.
We make the ansatz

§sl,g=1_zu452,

c? c’

f =1—£2U +
¢ (6.20)

1
Foh=1+= U+C—48 SS,F ct+= S+C Se

where S;, S,, Ss and S, are of order 0(1) and U, S; and S, are already given in
chapter 6.1.

For 2-post-Newtonian the time-derivatives must be considered to higher
approximations, i.e. let y(r, t) be any function then the following approximation

is used

where (%) is the Newtonian approximation, (%) =0 (1) and (%) =
0 2 4

0 (1) are the 1-post-Newtonian and the 2-post-Newtonian approximations. We
get from (6.20) up to 2-post-Newtonianaccuracy

Fo=5e=1+5 (), + &G, + ()} 2
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h=1+2U :14{33_2(8_%j }
c c ot ),
1 {S 4U(aS j —2[8—%“) —2(8—916} }
c ot ), ot ), ot ),
In analogy to chapter 6.1 the expressions (6.20) and (6.22) are substituted
into the differential equations (3.12). We get by elementary longer calculations
differential equations for the 2-post-Newtonian approximations S;, S,, Ss and S,
whereas the functions U, S, and S; are given by (6.10). The solutions of these
equations are given as functions of p, p, [T and v. It is worth to mention that Sg
implies divergent integrals by the standard 2-post Newtonian approximation.

Hence, it is necessary to use retarded functions. Therefore, the expression of the

energy tensor contains retardations implying gravitational waves of the order

O(Ci) This is a well-known fact of higher order post-Newtonian

approximations also by the use of general relativity theory. This may be the
reason why higher order post-Newtonian approximations are not possible

implying divergent integrals. Furthermore, the expressions for Ser 5 656 and = 656

are not of order 0(1). Therefore, they do not fulfil the condition on 2- post-
Newtonian approximation. The whole energy-momentum tensors of matter and
of gravitational field can be given. The equations of motion and the
conservation of mass are also stated where the gravitational mass M, can be
given to accuracy O (Cis) We will now state the solution of the non-stationary

star in the exterior, i.e. r > R(f).

(6.22b)

It follows
2
fa-2ea()
LU [ p 7 y2 pdydx - S22 [ v
kM kMg\2 6.23
9= 9 3(czf) ( )

1 (8 (4mk)? oo k ~oo
_5{1—5 Iy 3 fy y2pdydx — -2 [ x* pv? dx},

) v ()

h =

g+2(
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1 { 8 kMg (41Ik)2 g4nk

M ® 3 2
Sl R Jo xpfypdydx+ f x* pv dx}

B (20 i 3 (5 )

T

_184mk (0 °°3( Pca") )
6615r(6tf x3p(4— v+v +xpax dx0

+ (O (2 [2 [ x4 [ pudydx + 222 [ x2pv [y *pdydx|) |

r

k 2
+ L k) (at (ﬁf xpf y pvdydx)) .

c¢ r

The derivations of all the mentioned results of chapter 6.2 are longer
calculations and they are not trivial. Therefore, only the exterior potentials (6.23)
of the star are stated. It immediately follows from (6.23) that Birkhoff’s theorem
is not valid by the use of 2-post-Newtonian approximation. This is in contrast to
the theory of Einstein. Hence, flat space-time theory of gravitation and the
general relativity theory of gravitation give different results to higher order
approximations.

The equations (6.23) give for a static spherically symmetric star up to 2-post-
Newtonian approximation

kM kM Y 2 o
it +2[ gj +i§ (47K) J Xspj y2 plydx,
c’r 0 0

clr c*15 r®

f=1-2

=1-2 +3 X3 dydx,
g c’r c’r c*15 r J. jypy

kM, (kMY (kM
+
c?r c’r clr

1 8 kM, (47zk) J & jypdydx

kM [ngz_lswnk)
(6.24)

It follows by comparing the two solutions (6.14) and (2.39) that the constant
A of (2.39) is of order 0(c?) with

_ 8 (41tc)2f

=% o 3p [y ¥? pdydx . (6.25)
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3
It is worth mentioning that the factors of the expressions (g) in the formulae

(2.39a) and (2.39b) are of order 0(1) and the factor of the expression (§)4in
(2.39c¢) is of orderof 0(1),too.But by virtue of (6.25) in the formulae (6.24)
these factors are too great and do not satisfy 2-post-Newtonian approximation.
Therefore, the exterior solution of a static spherically symmetric star is
approximately given by

cr cr cr
kM kMY (kMY
=1-2—2 43 —L | —A| =2 |, 6.26
g c’r [ c’r J [ c’r J (6.26)

kM kM, Y (kM Y (kMY
h=1+2—2+2| /| +2| /| -A| —
cr cr cr cr
where A = (c?) is stated by formula (6.25). Estimates of A fulfil the condition

A>1
which is in agreement of (2.39) with (6.26).

All these results with detailed calculations are given in the article [Pet 94b].

6.3 Non-Stationary Star and the Trajectory of a
Circulating Body

In this sub-chapter a simple model of a non-stationary star is given. The
solution contains small time-dependent exterior gravitational effects. The
perturbed equations of motion of a test body moving around the non-stationary
star are given. The test body moves away from the centre of the star during the
epoch of collapsing star and it moves towards the centre during the epoch of
expanding star.

The equations of a non-stationary spherically symmetric homogeneous star to
Newtonian accuracy as special case of chapter 6.1 (see [Pet 94a]) are:

v _ ov  19pc? Amk v

%= Var Tpar T2 o X7 pdx, (6.282)
a d
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oM _ _ oM _p 1D o (6.280)

2= (6.29)

Furthermore, it is assumed that the star is homogeneous, i.e.

p = p(t). (6.30)
We use the ansatz
v(r,t) = 0(0), (6.31a)
e, ¢) = 0 () (6.31b)
0

where R(t) denotes the radius of the starand R, is a fixed arbitrary constant. The
gravitational mass to Newtonian accuracy is

R - ~
My = 4n || ® 2 pdx = 4?”pR?’. (6.32)

It follows by the use of (6.29) to (6.32)

-~ _ Ry dR(D)

b=t (6.33)
= 2 ( Ro 4
f=pe? (22 (t)) (6.34)

where 8 is a constant of integration. Furthermore, the following differential
equation [Pet 954] is received

d’R(t) _ 4, 2p2 1 kMg
rroplie 3Bc R§ RO° RO (6.35)
This differential equation can be integrated yielding
drR\? _ 4, 5 (Ro)? kMg
(&) =c-3pc(R) +23 (6:36)

where C is an constant of integration. Knowing a solution R(t) of (6.36) the
relations for ¥, IT and 7 are obtained by (6.33), (6.34) and (6.32).

There are two different kinds of solutions:
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(1) € =0: The radius R(t) contracts to a positive minimum and then it
expands for all times.

(2) ¢ < 0: The radius R(t) of the star oscillates between a mimimum radius
R; and a maximum radius R,. They are given by

R, :(kMg —((kMg i —%ﬂCZRS ICIJMJ/Q

. v2 (6.37)
2
Riz(kMg +((k|v|g) —3ﬂc2R§|C|) j/q
The relations (6.37) give
kM
~(Ry +Ry) = T (6.38)

Equation (6.38) fixes |C| by the mass and the maximum and minimum radius
of the star.

The approximate solution of (6.36) has the form
1 1 kM
R(t) = E(Rl + RZ) -3 (RZ - Rl)COS (sqrt (m) t). (639)

Hence, the solution (6.39) describes to Newtonian accuracy a non-singular
spherically symmetric, homogeneous, pulsating star.

The period of the oscillation is

t, =2m /an/kMg (6.40a)

Rm =5 (Ry +Ry) (6.40b)

where

is the mean radius of the oscillating object. Formula gives for the Sun with
k ~ 6.67 - 10~8[cm/(gsec?)], Mg =~ 2-10%3[g], R,, = 6.96 - 10'°[cm]
the period of oscillation

t, ~ 9.98-10%[sec] ~ 166[min]. (6.41)
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This result is in good agreement with the experimentally measured value of
160 [min].
The special case R; = R, implies by the use of (6.7) the relation

(kMg)Z = %ﬁCZR§|C|-

Then, we get with R = (R, + R,)/2 by the use of (6.38)
kMg

] ==

Hence, the acceleration (6.35) and the velocity (6.36) at R(t) = R are zero, i.e.,
we have a stationary star with radius R. This result also follows by the use of

(6.39). The last two relations give

kM, 4 Ro\2
Wy _ g (1)
R 3 R

Relation (6.34) implies for R(t) = R

Therefore, we receive a non-singular, spherically symmetric, stationary star
where the pressure is given by the above relation.

We will now give the exterior gravitational field of a spherically, non-
stationary star to 2-post-Newtonian approximation. The potentials in spherical
coordinates are given by (3.4b). We get by (6.23) up to 0 (%)
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frg=1-2—2,
c’r
k 1 47k oh
h=1+2 2g T
r ¢ r ot
2 2
f=—8("ep] 4Py v o x P gy (6.41a)
1570 P p OX

64 (R X o
+4”k3.[o ijo y* pvdydx

32 (R 4 X 176 ¢r 2 X
+47rk(?jo X pIR pvdydx+E IO X ,ovj0 y pdydx)

Elementary calculations yield by the use of (6.30), (6.31), (6.33), (6.34),
(6.32) and (6.36) the approximate value
=~ 8 Mg kMg dR(t)
h=it(200ct-0) 52 (6.41b)
We will now give the motion of a test particle in this gravitational field. The
differential equations (2.53) imply by the use of (6.41) for the perturbed orbit

1o + Ar around a circle with radius r, after some longer calculations (see
[Pet 95a]) the equations

— KMy p 1 2mkOR (6.42)

This differential equation can be solved by standard methods. We get by
suitable initial conditions and elementary longer calculations the perturbed
radius

kMg

c?ry

ar(t) = -2( )2 (R(t) — Ry) (6.43a)

and the perturbed radial velocity

d 20 (KMy\2 R,—R, { 2kM \Y/2 . (2 /2kM
d—AT = ——( > g) #(—g) sin (3 I¢). (6.43b)
t 7 \c“1r9/ Rz+R; \R1+R; VR1+R2

The derivation of the perturbed solution is given in [Pet 95a] where a factor
in the denominator is missing.

Hence, the deviations of the orbit and its velocity from a circle are very small.
But this result although very small differs from the corresponding results of
general relativity where by the theorem of Birkhoff no change of the orbit arises.
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All these results are contained in the articles [Pet 95a] and [Pet 10a].

6.4 Gravitational Radiation from a Binary System

In this sub-chapter 1-post-Newtonian approximations are used to derive the
gravitational radiation of a system of objects at large distances from one another.
A more explicit formula is given for a binary system. It agrees with the result of
general relativity.

We use the 1-post-Newtonian approximation of the potentials (5.8) and the
tensor of matter

2
T(M), :p(1+22+%u +£+[!] ]v‘vj
¢ ¢ p \c

+ pc? (1+C%Uj5} —(;izpvjv‘,(i; j=12,3)

T PO BRIV A R Y (i=4j=1273)
= p Ut tle) ==tz (6.44)

2
=—pov' [1+EZ+%U +£+[!j ],(i=1,2,3;j=4)
c® ¢ p \c

2
:_pc2[1+CEZ+C%u +Gj j.(i:j=4)

Here, the potentials U and V; are stated by (5.2b) and (5.11). Subsequently,
we use the tensors (1.32), the field equations (1.34) and the tensors of the
gravitational energy (1.35) and of matter (1.37). It follows from (1.34) by
multiplication with f*¢

(F0) = I Funf SR + AT (6.45)
Put
U =n" + ¢l (6.46)
then we get
Mg, =19 (6.47a)
with
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e G ) B A A R A A Y1)

In the following we use the pseudo-Euclidean geometry (1.1) and (1.5). Then,
the differential equation (6.47) has the familiar form of a wave equation. The
solution for out-going waves is

ij 1 ij ! -x' ’ !
where the integration is taken over the whole space R3.

Longer calculations are given in the article of Petry [Pet 93a]. They follow
along the lines of the papers [Eps 75], [Wag 76] and [Wil 77] in studying
gravitational radiation by the use of general relativity. The resulting radiation

energy E per unit time is given to 0 (Cis) by

.. p ii 2
e pREDRCR -(6D) | e

where, I/ are the quadrupole moments.

It holds for several point masses m,with velocities v, = (vi, v3,v3):

921y _ P dvt j - dv’
(55%) = Zama (2vkvd + %] + x4 52) (6.50)

The application of (6.49) and (6.50) to a binary system gives the gravitational
radiation

2
b _ _ 8 Koutm? (12|v|2 ~11 (%) ) (6.51)

dt 15 c5rt

with the following abbreviations for the two objects A andB:

mymp
m

m=my+mg, U= y = x4 — x|, v =v4 — vp. (6.52)

This result is identical with that of the general relativity theory of Einstein to
this accuracy (see [Wag 76] and [Wil 77]. Therefore, the results of both theories
agree in the magnitude of the gravitational energy emitted by the binary pulsar
system PSR 1913+16 (see Taylor [Tay 79]).
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All these results can be found for flat space-time theory of gravitation in
[Pet 93a] and for the theory of general relativity in the papers [Eps 75],
[Wag 76] and [Wil 77].
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Chapter 1

The Universe






In this chapter homogeneous, isotropic cosmological models are studied. The
differential equations which describe these models together with the solutions
are stated. Flat space-time theory of gravitation implies non-singular
cosmological solutions, i.e. a big bang does not exist. This chapter follows
along the lines of the articles |Pet 90a| and [Pet 90b].

7.1 Homogeneous Isotropic Cosmological Models with
Cosmological Constant

In this chapter homogeneous isotropic cosmological models are studied. The
field equations are given and the solutions are derived. There is no big bang.

We tart from the flat space-time theory of gravitation stated in chapter I. We
use the flat space-time metric (1.1) with the pseudo-Euclidean geometry (1.5).
The tensors of matter T(M)j- , of radiation T(R)j- and of the cosmological
constant T'(A)’; are given by (1.28) with

p =0 (dust) (7.1a)
with
p=5p (radiation) (7.1b)

and by (1.21b) with (1.10). The energy-momentum tensor of gravitation is
stated by relation (1.21a).

In the following, it is assumed that the universe is homogeneous and isotropic
and matter is described in the rest frame i.e.

ui=0 (i=1,2,3). (7.2)

Then, the potentials are described by two time-dependent functions a(t) and
h(t) with

g, =a*().(i=j=123)

=-1/n(t),(i= j=4) (7.3)
=0.(i# )

Then, the differential equations (1.24) with (1.23) yield
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3VEYY = 2kt (Lo 41y 4 A
(a \/ﬁa) = 2xc (2pm+3pr+21cc2\/ﬁ) (7.42)

s R _ . a1 A a® 1
(a*VRT) = 4xe* Gom+pr—gmmtmate) 04

where

h 2

! 2 ! 2 ! ! 2
o= R+ () -1(e2e)) 0
Here, p,, and p,- are the densities of matter and radiation, where the relations

(7.1) are used and the prime denotes the t-derivative. It follows from (1.12) by
the use of relation (7.2)

(uf) = (&) = (00,0, cVF). (75)
The proper-time is given by (1.8) implying
(cdr)? = —a2[(dx1)? + (dx?)? + (dx*)?] + = (dct)?, (7.6)

The tensor of matter plus radiation has the form

T(M)| +T(R), :%prcz(i =j=12,3)

=—(p, +p,)c(i=j=4) (7.79)
=0(i # )
and the tensor of gravitation is

T(G): = %KLG (i=j=1, 2, 3)

— —ﬁLc (i=j=4) (7.7b)

= 0. (i=])

The conservation law of the whole energy-momentum (1.25a) yields with i=4
by the use of (1.23c)

1 A a
(pm +pr)c? +—Lg + ;% = Ac? (7.8)
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where 1 is a constant of integration. It follows from the equations of motion
(1.26)

d ! 1hr
a(pm + pr) = _3%pr - Eﬁ(pm + pr)' (7-9)

Let us assume that matter and radiation are decoupled then (7.9) gives with
the initial conditions at present time t, = 0

a(ty) = h(ty) =1 (7.10)
the solutions
Pm = Pmo/Nh: pr = pro/(avh) (7.11)
where p,,0 and p, are the densities at present time t, = 0.
The initial conditions for the differential equations (7.4) are (see (7.10))
a(to) = h(to) = 1,a'(te) = Ho, h'(to) = k' (7.12)

where H, is the Hubble constant and k', is a further constant which does not
arise by the use of the theory of general relativity.

Put

o = 3Ho (1+72) (7.13)

6 H,
Then, it follows from (7.4) and (7.5) by the use of the initial conditions (7.12)

hr aKctAt+o,

al
‘h _6; +2 2Kkc A2 +@ot+1’ (7.143)
Further integration with the initial conditions (7.12) yields
a®Vh = 2kc*At? + @yt + 1. (7.14b)
Relation (7.8) gives with t = ¢,
1 8 Ac?
> (8rc*2— 93) = 4 (Sk (pmo + pro +5) — HE).  (7.15)
We define as usually the density parameters
_ 8Tkpmo __ 8Tkpyo _ Ac?
Qn = T Q, = 32 Qp = YT (7.16)
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and put
QKo = Qp + 0, + Q) — 1. (7.17)

It follows from (7.8) by the use of (7.14), (7.17) and the elimination of h and
h" in (7.8) the differential equation

() = et
a T (2Kkc* A2+t +1)2

{—0nKy + Q.a% + Qpa® + Qpa®}. (7.18)

Relation (7.15) is rewritten by the use of (7.16) and (7.17):

2Kc*A 190\% _
= _(EH_O) = 30,,K,. (7.19)

It follows from (7.19) that
Ko >0 (7.20)
is equivalent to
2kc* At + oot +1 >0 (7.22)

for all t € ]—oo, +oo[. Hence, we have from (7.18) and (7.14b) that (7.20) is
necessary and sufficient for the existence of non-singular cosmological models.

Hence, the sum of the density parameters (7.17) is greater than one.
Therefore, the solutions a(t) of (7.18) and h(t) given by (7.14b) describe a
homogeneous, isotropic model of the universe.

We get from (7.18) that
a(t) =2a; >0 (7.22a)
for all t € |—oo, +oo[ where a, is defined by
Qpaé + Qpad + Q.af — QK = 0. (7.22b)
We require
Ko < 1

to get small values for a(t).In the following, let us assume

pro = 0. (7.23)
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Under the condition (7.23) an analytic solution of (7.18) can be given. Were
write the equation (7.18) with initial condition (7.10) in the form

L=t (—0y Ko+ Qna® + 22a9)V2,(0) = 1. (7.24)

a T 2kCc*At2+@ot+1

The upper (lower) sign implies an increasing (decreasing) of the function
a(t). Standard integration methods and some trigonometric addition theorems
give after longer calculations for the upper sign the solution

a3(t) = ZKO/{l — (1 - 2Ky)cos (\/§a(t)) -2 (5_2)1/2 sin (ﬁa(t})}(?.%a)
where
a(t) = arctg {(3Qm1<0)1/2H0t/(1 + %(pot)}. (7.25b)

The detailed derivation of the result (7.25) is found in the article of [Pet 90].

We will now calculate the time t; where a(t) reaches its minimal value
a,.This follows from

a'(t;) =0,

i.e., by the use of relation (7.18)
(1 — 2K,)sin (ﬁa(tl)) -2 ((I;—")l/z cos (\/§a(t1)) =0. (7.26)

We get by elementary considerations

1/2
Hot, = — 1/{%—3 - %} (7.27a)

with

1

1/2
A=tg {\/5 (—n + arctg [2 MD} ~ 4.03 + 0(\/1{_0). (7.27b)

1-K,
A small value of the function a(t) in the early universe yields
0<Ky«1. (7.28)

To get a solution a(t) which goes to infinity as t— oo the denominator of
(7.25a) must go to zero. This implies
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1<p~3
2H, 2

Qn/(1 =) (7.29)

where expressions containing K, are omitted by virtue of (7.28).
We will now state a simple asymptotic formula for t — co.
Define £, by

Hofy = =522 /(3 "’0) +30,,Ko).

It follows from (7.25) by longer elementary calculations the asymptotic
representation (see e.g. |Pet 98b|)

a(t) ~—( J_> (Hot—HotOZ/{\/Q_A(HOt—HoH)+1(1 \/Q_A)}

JRQO ~ 3JQa(Hot — Hofy) + %

Let us assume that t, is as large such that the above asymptotic formulae
hold and denote by 7, the corresponding proper time. Then, we get

3 t 1 N 11 Vh(®)
T=T+ ftzmdt FTpt 3JKTAH0|OQ{W}'

This relation implies the asymptotic density of matter

() = 28 P03 O — ),

h()  Jh(ty)

Hence, we get an exponential decay of matter in analogy to the radio-active
decay.

The case Q, = 0 must be considered separately by virtue of (7.17) with (7.28)
and will be studied in sub-chapter 7.2.

The solution of (7.18) with (7.23) and the initial condition a(t,) = a, can also
be given. It holds

a3(t) = 2a3 (1 Q—"af)/(l + (1 + ZQ—Aaf) cos (ﬁﬂ(t))) (7.30a)

for all t € ]—oo, +o0[. Here, it holds
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3QmKoHo (t—t1) (7.30b)

ﬁ(t) = arctg <1+%(p0t1+[((;%2)2+3QmKO>HOt1+;%g]HOt)

The relations (7.30) yield as t - —oo
1/3
a(—oo) = (2/(1 - cos(\/gn))) a, = 1.81ay- (7.31a)

Hence, the function a(t) starts at t = —oo from 1.81 a,, decreases to a, and
then increases to infinity as t goes to infinity. It follows from (7.14) by the use
of (7.31a) ast —» —oo:

Vi ~ Gz—;’t + 1)2 /a3 (—). (7.31b)

The function h(t) starts from infinity at ¢ = —oo, decreases to a positive value
and then increases to infinity as t goes to infinity.

Therefore, we have for all t € ]—oo, +-oo[
a(t) =a; > 0. (7.32)

Hence, we have non-singular cosmological models by virtue of (7.11). In the
beginning of the universe there are no matter and no vacuum energy, which is
given by the cosmological constant, i.e. all the energy is in form of gravitational
energy. In the course of time matter and radiation arises at coasts of
gravitational energy. After a certain time the energy of matter and of radiation
decreases and again go to zero as in the beginning of the universe. Therefore, in
contrast to general relativity there is no singularity, i.e. no big bang.

The second law of thermodynamics is given by

dU = —PdV + TdS (7.33)

where U,P,V,T and S denote energy, pressure, volume, absolute temperature
and entropy.

The conservation of the whole energy (7.8) gives with
U = CAc? (7.34)
with a suitable constant C the relation

d —
=U=0. (7.35)
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The comparison of (7.35) and (7.33) yields
PdV =TdS. (7.36)

The right hand side of equation (7.36) is by the third law of thermodynamics
non-negative. For an expanding space it must hold P = 0. Here, P is the
pressure of the gravitational field and of the field implied by the cosmological
constant. It follows by the use of the asymptotic formulae for a® and vh that
this condition is at least fulfilled for sufficiently large times. In the beginning of
the universe space is contracting by virtue of (7.24). Hence, for t - —oo it must
hold P < 0. The pressure of the gravitational field dominates the other ones. We
get by the use of (7.31):

~ L (190)? 12
™ 2Kc? (2 Ho) Hy >0

which contradicts the condition for t - —c. These considerations also hold for

the case of A = 0 because the cosmological constant is not important in the

beginning of the universe.

The application of equation (7.9) to the third law of thermodynamics requires
a non-increasing function h(t) to get entropy production in contradiction to the
increasing of this function. Hence, we see that for the case A > 0 the universe is
not expanding and not contracting and there is no entropy production.

Cosmological models without singularities by the use of flat space-time
theory of gravitation are already studied in the article [Pet 81b].

7.2 Homogeneous Isotropic Cosmological Model without
Cosmological Constant

In this sub-chapter cosmological models with A =0 and without loss of
generality with put Q, = 0. We start with the previous section under the
assumption Q, = 0. We get byequation (7.22b)

Ky = d. (7.37)

It follows from (7.25) ast — oo by longer elementary calculations and the
use of (7.28) and (7.13)

hqo! 2
H—‘; = 3K, <0, (7.38)
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Again the considerations of (7.33) to (7.36) hold implying a non-expanding
universe. But we may also start from the relation (7.9) by multiplication with a
constant C. It follows

r h

By the use of the black body temperature
T = T,/(ah'/?) (7.40)

relation (7.39) has again the form of the second law of thermodynamics (7.33)
with

4

U=Clpm+pr), V=CaB P=p (Tio) ,
(7.41)

ahl/8

To

1 h
dS = = Cpm + pr) >dt.

Relation (7.41) implies by the use of the second law of thermodynamics that
h(t) must decrease for all t € ]—oo, +oo[ to give entropy production. This is at
present timet,stated by (7.38). Hence, in the case A = 0 the interpretation of a
contracting and then expanding universe is possible. The time t; is again
calculated as before by a'(t;) = 0 of the solution (7.25). It follows by longer
calculations and condition (7.28):

~_2 3__J3Ko
Hyt, ~ 3{1 + 2 ﬁ)}. (7.42a)

We get by the use of (7.14b) with (7.19) and (7.37)
h(t)Y? = 3 (14 1/tg?(-n/V3)) ~ 141, (7.42b)

Therefore, the creation of matter given by (7.11) from the minimal value of
a(t) at t, till the present time t, = 0 is given by a factor of about 1.4. It follows
from (7.17)

Qn=1/1-Ky) = 1 +K,. (7.43)
The density parameter of matter (), is a little bit greater than one.

The epoch before t,, i.e. t € |—oo,t,[ can be received by the results of
chapter 7.1.
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All these results are contained in the articles of Petry [Pet 90a] and [Pet 90b].

We will now give an asymptotic solution as t — 0. Put
Hoty = —1/(5 "’0) (7.44a)

and assume that
Hyt > Hyt,. (7.44b)

Then, the differential equation (7.18) with , = 0 has the form

2
The solution is given by
a3(t) ~ 22 (1 "’0) (Hot — Hofy)?. (7.45b)

The study of a(t) for t - oo given by (7.25) and the use of (7.13) and (7.28)
imply

V2 ~20 /(2’“ %)~ 1-2K,. (7.46)

Hence, the function h(t) is in the above stated region nearly constant and
converges to a positive value which is a little bit smaller than one. Therefore,
the function a(t) starts from a finite positive value a(—) and h(t) from infinity.
In the course of time a(t) decreases till to the time ¢, with a value a(t,) = a, >
0. After that time a(t) always increases to infinity. The function h(t) decreases
for all times to a positive value which is a little bit smaller than the present
value in agreement with the third law of thermodynamics stated by relation
(7.9). Hence, in the case that the cosmological constant is zero the interpretation
of an expanding space is permitted but also the interpretation of a non-
expanding space is possible by the considerations of sub-section 7.1.

Furthermore, it appears that at present time the universe is nearly stationary.
In the final state only matter and gravitational energy exist.

It is worth mentioning that in addition to matter, radiation and cosmological
constant a further kind of energy may be introduced in the study of
cosmological models. Such considerations can be found in the articles [Pet 94c]
and [Pet 98al.
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A cosmological model with a scaling dependent cosmological constant is
studied in the article [Pet 08].

Summarizing, the cosmological models of flat space-time theory of
gravitation are in the beginning of the universe quite different from those of
general relativity. In the beginning strong gravitational fields exist. The received
models are non-singular, i.e. a big bang does not exist. Formula (7.45b) is
identical with the result of general relativity, i.e. for sufficiently large times
after the minimum of the universe the two theories give the same result.
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8.1 Non-Expanding Universe

In this sub-chapter we will study non-expanding universes. It is well-known
that the observed redshift of distant objects (galaxies, quasars) are interpreted as
Doppler-effect, i.e. the observed universe is expanding. Furthermore,
astrophysical observations indicate an accelerated expansion in the recent epoch.

In the previous chapter we have shown that an expanding universe can be
received if the cosmological constant A = 0. This result can be used to explain
the observed redshift of distant objects. If the cosmological constant A = 0 the
third law of thermodynamics is violated. Hence, another form of the second law
of Thermodynamics containing the whole energy of the universe is considered.
This law implies that there are no expansion and no contraction of the universe
and entropy is not produced in the course of time.

It is worth to mention that this law is also applicable in the special case A = 0.

8.2 Proper Time and Absolute Time

In addition to the system time t and the proper time t in the previous chapters
we define the absolute time ¢t

The proper time £ for an object at rest is defined by

1

dt = \/ﬁdt (81)
This gives for the whole proper time since the beginning of the universe
N ot 1
=/ ) dt. (8.2)

The proper time is used in the study of general relativity.
In the beginning of the universe we have
a(t) = a(—o) > 0.

This implies by the use of (7.14b) that

1 2Kc*A
(a(—OO))3 H§

RY2(t) ~ (Hot)? (8.3)
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for t -» —o0. Hence, relation (8.2) implies the proper time #(t) at any time t. The
equation (7.18) can be written by the use of (7.14b)

(ld—'f) = H3(-Tme 4 24 Sy q,), (8.4)

ad?

The differential equation (8.4) is for K, = 0 identical with the equation given
by general relativity. The case K, = 0 implies the singularity, i.e., the big bang
by Einstein’s theory. But K, must be greater than zero and must fulfil the
condition (7.28) which avoids the singularity. Hence, relation (8.4) implies that
for a(t)not too small that the result of flat space-time theory of gravitation
agrees with that of general relativity, i.e. shortly after the big bang of Einstein’s
theory.

We will now introduce the absolute time t' by

dt’ = mdt = %di (8.5)
This gives for the proper t in the universe
(cd)? = —a?(t){|dx|? — (dct")?}. (8.6)
Relation (8.6) implies for the absolute value of the light-velocity v, :

vl = |5 = (87)

Therefore, the absolute value of the light velocity in the universe is always
the vacuum light velocity c. This is the reason that t" is denoted as absolute time.
In the further study we will remark that the time t' has advantages relative to the

use of the proper time 7 although the proper time is measured by atomic clocks.

The equation (8.4) can be written by the use of (8.5) in the form

da\* _ H} 2 3 6 (8.8)
(22) =2 (Ko + 0,0% + Qa® + Q4a%). .

Furthermore, assume that a light ray is emitted at distance r at time t’, resp.
at time t', + dt’, and it is received by the observer at time ¢’ = 0 resp. at time
0 +dt'. Then, it holds by the use of (7.8)

datr

_ 0 r_ ’ _
r—cft,edt =—cte, T=CJ,

dt' = c(dt' —t', — dt',).

These two relations give

124 http://www.sciencepublishinggroup.com



Chapter 8 Expanding or Non-Expanding Universe

dt' = dt',.

This is a further reason that t' is the absolute time.

8.3 Redshift

We will now calculate the frequency emitted from a distant object at rest and
received by the observer at rest at present time. The use of the absolute time t’
simplifies the calculation although the use of the system time t and of the proper
time 7 would give the same result.

Let us assume that an atom at rest in a distant object emits a photon at time
t',. The proper time is by virtue of (8.6):

dt = a(t'p)dt'. (8.9)
The energy of the emitted photon is

;o atr ’
E~— gaa(t e)d—tr~a(t e)Ep. (8.10)

The photon moves to the observer and it arrives at time t’' =t}. Let
(p1, P2, P3, P4) DE the four-momentum of the photon in the universe with

py=—E(t)/c.
Then, it follows from equation (1.30) with i = 4 by the use of (8.6) and (8.7)
d datr ~a
(944 52) = at) 22 (2 = v, |») =0, (8.11)

i.e., the energy of the emitted photon is constant during its motion. It is worth to
mention that the conservation of the energy of the photon during its motion to
the observer only holds by the use of the absolute time t’. Hence, we have by
the law

E =hv

where here h denotes the Planck constant that the arriving photon has the
frequency

v =a(t',)v,. (8.12)
Here, v, is the frequency emitted by the same atom at rest and at present time.

This gives the reshift
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z=%_1=—2__1 (8.13)

v a(t'e)

This redshift formula is also received by the use of the proper time 7 and the
system time t. This results can be found in the article of Petry [Pet 08].

We will now give the distance-redshift relation. Equation (8.6) implies for
light emitted at distance r at time t', and received at r = 0 at time t'y by the
use of (8.7)

r=cfl0dt’ = c(t'y—t'). (8.14)
Equation (8.8) yields by differentiation

aﬂ(—ai(“’—“)2 +14 “) HE (422 — 22 3n . 5q,) 28

dtr 2 \dt’ a dtr? a? dtr

This relation gives at present time t':

d?a(try)
der?

= H3 (1+ 20K — O =30 + 9y ). (8.15)
The redshift (8.13) is approximated by Taylor expansion and the use of (8.14)

e (13545 ()

Hence, we get by (8.15) and (7.17) and neglecting small expressions the
redshift:

z~Hoo 420y (HOE)Z- (8.16)

We easily get the redshift formula to higher order by the use of Taylor
expansion to higher order. By virtue of the use of the absolute time t' only
differentiation to higher order of (8.8) are needed by virtue of (8.14).

For an expanding universe the redshift follows by the transformation
Xt =a(®)xt (i=1,2,3) (8.17a)
with the velocity

i i_da(f') i (i=
L xi =20yt (i=1,23). (8.17b)
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The proper time t of the universe with the coordinates (x*,Xx2,x3) and the
proper time f is given by:
: 1da

3 22
(cdr)? =—Zk=1(dxk) +EZk=1a iz

o, (11da,, Y

Relation (8.18) implies that locally, i.e. X! = 0 (i=1,2,3) the velocity of light
is equal to the vacuumlight velocity. This result is connected with the ideas of
Einstein that locally the pseudo-Euclidean geometry holds. We get by the
substitution of (8.17) into relation (8.18)

dt = d7,

X dX*d(c7)
(8.18)

i.e. any observer in the expanding universe is given by (8.18) and has the
proper-time ©. The theory of gravitation in flat space-time doesn’t use (8.18)
and it is therefore not further studied.

We will mention that a universe which at first contracts and then expands has
no singularity, i.e. there is no big bang. Instead of the big bang we have a
universe with a bounce.

In flat space-time theory of gravitation the redshift may be explained without
expansion of space by the conservation of the whole energy (7.8) of the
universe. It follows from (7.7) with (7.11) that the different kinds of matter, of
radiation and of gravitation are transformed into one another in the course of
time by the time-dependence of a and h. This is in analogy to the result that the
gravitational field influences the redshift(see (2.69)).

There sults of this chapter can be found in several articles of Petry [Pet 97b,
98a, 985, 02, 08, 11a, 135.

8.4 Age of the Universe

We will now calculate the age of the universe measured with absolute timet'.
It follows by the use of (8.8) for the age after the minimum of the functiona(t")
till the present time:
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To(®o) = [ dt' = [, 1/(55) da

at

1 1 ada
T Hp Yas (mQuKo+0,a2+ Qa3 +Q,a)1/2

(8.19)

ifl ada
T Hpva1 (—QmK0+(QT+Qm+QA)a2)1/2

1 1
= (1= (=Ko + (1 + QpKp)ai)V?) ~ —.
0 0

Therefore, the age of the universe measured with absolute time is greater than
Hi independent of the density parameters, i.e. there is no age-problem. It seems
0

that the use of the absolute time instead of the proper time is more natural. This
is implied by the fact that the time difference at a distant object stated by two
different events is measured by the observer at present time with the same value
of time difference and the velocity of light is everywhere and at any time equal
to the vacuum light velocity.

Summarizing: Flat space-time theory of gravitation gives cosmological
models with bounce and without big bang. Furthermore, the models can be
interpreted as non-expanding universe. The redshift is explained by the
transformation of the different kindsof energy into one another in the course of
time whereas the whole energy of the universe is conserved. This interpretation
can also be found in the article of Petry [Pet 07]. It follows that the introduction
of the absolute time t’ simplifies the computations. The expansion of space was
at earlier times the only interpretation of the redshift. In the meantime there are
many authors who negate the expansion and assume that the redshift is intrinsic.
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In this chapter the theory of linear perturbations in the universe are studied.

9.1 Differential Equations of Linear Perturbation in the
Universe

A covariant, linear, cosmological perturbation theory is given. The metric is
the pseudo-Euclidean geometry. The energy-momentum tensor is stated and the
basic equations for the propagation of the perturbations are presented. The
perturbed equations for a homogeneous isotropic universe are stated. All the
results of this chapter can be found in [Pet 95b].

We use the pseudo-Euclidean geometry (1.5), the theory of gravitation in flat
space-time (1.23), the equations of motion (1.29) and the conservation of the
whole energy-momentum (1.25). The matter tensor is given by (1.28).

The gravitational field satisfies
g¥ - g +AgY (9.1a)
with the condition
|agy| « |gY|. (9.1b)

It follows by linear perturbation

gij = 9ij + Agij (9.2a)
with the result
Agi; = —gigji D" (9.2Db)
In addition, we put
p—p+Ap,p—p+Ap,ul - ul + Aul. (9.3)

The arising equations of perturbations are applied to cosmological models
with
g" =Ya’(t) (i=j=129
=-h(t) (i=j=4)
=0 (i#])
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as considered in chapter VII.
Let (Av?, Av?, Av3) be the perturbed velocity. Put the perturbed potentials
f = a?gh, d = -3 Ag* by = a?Ag™* (i=12.3). (9.4)

Then, the cosmological model implies after longer calculations the
differential equations for the perturbed field

3 0 (& 0f\_10 (.3 /mof =2
1) Zk=1axk(\/ﬁaxk) czat( ) Zk 16xk(\/—ab)
3 "ro ad
__za3’/h%(a_{+§) —3kc?(p — p)(f + d) + 2xc?(Ap — Ap)

R

2ot

R CISIOREEERTO)

() )

dxt

4kc?(p + p)azhATvl (iI=1,2,3)

Shersmr (From) — =3 (VRS
@ " 153 (2 by ) (9.5)
+ 50V (-S4 1)y SatvR (-3% + 2) 5

at
+3kc?(p + 3p)(f + d) — 2kc?(Ap + 3Ap).

The perturbed equations of motion are:

aAp 2 _ 3 af 1
(1) 6xl+c6t{(‘0+p)(b ta h )}__Ep_'-l_ pax‘ (I 123)

oxt 2

aAvk  9Ap 3 _of |1 ad a’ 1h'
@) —(p+p) iy Ik _?——EPE+EPE+3;Ap+EIAp. (9.6)

Furthermore, we have an equation of state for the perturbed pressure. i.e.,
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Ap = p(4p). (9.7)

The relations (9.5), (9.6) and (9.7) are ten equations for the ten unknown
functions f, b; (i=1,2,3), d,Av' (i=1,2,3), Ap andAp. These equations describe
small perturbations in a homogeneous, isotropic cosmological model.

In the following let us assume that the equation of state has the form
Ap = vZAp (9.8)

with constant velocity sound 0 < v, < 1. It follows as consequence of the
perturbed field equation (9.5) and the perturbed equations of motion (9.6) a
conservation law of the perturbed energy-momentum tensor (see [Pet 95b]).

9.2 Spherically Symmetric Perturbations

We will now study spherically symmetric solutions of the perturbed
equations (9.5), (9.6) and (9.8). The study of these results are contained in the
following sub-chapters and are found in the articles [Pet 96a] and [Pet 96b].

Let r denote the Euclidean distance from the centre of the spherical
symmetry and let k be the wave number. We make the ansatz

flr,t) - fk,t)

sm(kr) Sln(kT)

L d(r,t) > d(k,t)

bi(r,t) = b (k, 0= (D), (9.9)

oxt r

T

~ sin(kr) i C o i sin(kr)
AP(T, t) _’P(k:r) r ,AU (7", t) - Ho v(k, t) axi( )

We get by substituting the relations (9.9) into the equations (9.5) and (9.6)
2 a4 z 3 af 2 2 Qa a c 3 3 d
@ —k f czat( Vh ) ck VR a Ho _c_ \/_ ( at)

=3kc?(p —p)(f + d) + 2kc?(1 — v2)p,

O () = e )
- ' VRb (-3 (&) 432y 1(1’)2)

a h 4\h
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(L) (1 41

2 h

+4Kkc?(p + p)a? hg,

a 3 ad 1 ah cz
e Gl = G (VRS = z"zfm,b
(3) hr af N ad 9.10
+5aVR (=5 + )54 maVR (3 + )5 619
+3xc?(p +3p)(f +d) — 2kc?(1 + 3v2)p.
(@) vZp+ 1o {0+ )i (B+a?hE)} = —2pf +50d,

c’v  ap 3 0 1 dd ar  1hs
(5) (p+p)k2H . a_/;:_Epa_{-l_EpE-l_(?) 2 +——)p. (9.11)

The three perturbed field equations (9.10) and the two perturbed equations of
motion (9.11) are five linear homogeneous differential equations for the five
unknown functions £, b, d, 5, 7 depending on t and on a parameter k. Knowing a
solution of (9.10) and (9.11) for k on a fixed interval I we can get a more
general solution by virtue of the linearity of the equations. Let B(k) be a
function of k on the interval I and let r, be a fixed distance from the centre then
we get the more general solutions

f(r,t)= j B(k)Mro2 f(k,t)ydk,

r

b,(r.t) = [ B(K) ai (s'”(kr)j Bk, t)dk,

d(r,t) :jB(k)Mrzd(k,t)dk, (9.12)

sm(kr)

Ap(r,t) = jB(k) r,A(k, t)dk,

AV (r,) = [BK) = ~ (S'”(kr)J L 9k, t)ydk.

Here, the integration is taken over the interval I.

In the following we will only consider cosmological models with A = 0, i.e.
Qn =~ 1 (9.13)
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and the case

vZ=0. (9.14)
We put
= Pro
E= (9.15)

9.3 Beginning of the Universe

The beginning of the universe in flat space-time theory of gravitation is non-
singular. All the energy is in form of gravitational energy and radiation and dust
arise out of gravitational energy whereas the whole energy is conserved. Put for
t - —oo

&= +%H0t —1. (9.16)
Then, we have by (7.31) and (7.14b)

a(—w) ~1.81a, \(t) ~ £ /a’ (=),

9.17
(1) ~ pro(—0)/E2, p(t) z%pmaZ(—oo) /52. ®.17)

In the beginning of the universe the density of matter is negligible and only
the density of radiation and its pressure dominate.

We make the ansatz

f d p
f Zk 0 lezclj-l = Zk 0 Sezk+l , P/Pmo Zk 0 fzkillcnl

~ . b D
b = Yo © = a*(~) i mram (9.18)

We get by the substitution of the relations (9.16), (9.17) and (9.18) into the
equations (9.10) and (9.11) and by the use of (9.13), (9.14) and (9.15) five
homogeneous linear equations to determine [ such that not all of the five
coefficients f;, by, do, po, v Vanish. There exist four non-negative values of [:

1=0,1,2,5. (9.19)

In the following only the case [ =0 is studied implying two arbitrary
constants f;, and b,. We get
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by =0,y =3f,, %, = f,
o o ( 20k : (9.20a)
P, =3f,a (—oo)[g—w(a_'oa(—oo)j ]

Furthermore, it follows
oty 20 2K )
f, = f,a”( OO)[38+10(3H o0 J ]
2 2ck
= fa(—w0)| —Ze4+ >
omtnf 2ev2[ B

1 2 4 2ck
Vv, :_bz+ﬁfoa (_OO)[_3 5[3H a(-o )j J

2ck
P, gsf a (—oo)[ 5[3H0 oo] ]

All the other coefficients can be recursively calculated. Hence, we get for
[ =0 the solution (9.18) depending on two arbitrary parameters. Then, the
relations (9.12) give the perturbed solutions in the beginning of the universe.
Let us now discuss the received perturbed solution. Assuming B(k) = 0 on the
interval I we have to put f, >0 to get collapsing spherically symmetric
perturbations in the neighbourhood of the centre as t increases from —oo. This
result follows by the use of (9.20a), (9.18) and (9.12). Furthermore, we get that
the density of the spherically symmetric perturbation is positive if the wave
numbers fulfil the condition

0<k< (10 )mﬂ LI (9.21)

3 2¢ a(—m)

(9.20b)

Hence, we have to the lowest order of the density fluctuations as t - —oo

10 \ 3H

2
8p(r, ) /() ~ [ B D33 Lo (e T <ZC" a(—oo)) ) k. (9.22)

Therefore, for the case [ = 0 small spherically symmetric non-homogeneities
in the uniform distribution of matter can exist in the beginning of the universe.

The cases | = 1, 2,5 give only one-parametric solutions with

Ap(r,t)/pm (t) = O (siz)
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fort - —oo.

Therefore, small non-homogeneities can arise in the homogeneous
distribution of matter in the beginning. By virtue of the small horizons there are
many unconnected regions in the universe. The non-homogeneities are
unconnected and arise independently from one another. Therefore, they are
uniformly distributed in space in the beginning of the universe. This may
explain the presently observed homogeneity of matter on large scales in the
universe. The horizons increase in the course of time and larger regions of the
universe become connected. The non-homogeneities are then connected and
influence one another by gravitation.

9.4 Matter Dominated Universe

In this sub-chapter the universe is considered where matter dominates
radiation. Put

3 1/3
£ = (2Ho( - ) (9.23)
with
Hyt, = —%. (9.24)
During the studied time epoch it holds by (7.46) and (7.14b)
h(t) = 1, a(t) = &2, p(t) = pmo, p = 0. (9.25)
We make the ansatz
F=e5ofuc (26) ) d= 8 5odu (26)
b= 5o (26), L= 2 o (L6) . (©29)
L e n v (56)

Hy

It follows in analogy to the previous sub-chapter

=09 (9.27)
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which imply non-vanishing solutions. Furthermore, a pair of complex numbers
is received to get non-vanishing solutions. The case

[=9 (9.28)
is further studied. It follows with an arbitrary parameter p,:
17 7
fo= Po’ do = —2pg, bo = “ o Por Vo = 5 Po- (9.29a)

The coefficients of higher order can again be recursively calculated. It can be
proved that the series (9.26) converge absolutely and uniformly. Hence, the
sums and the integrals of (9.12) can be exchanged. Put I = [0, k,] with k,
sufficiently small, i.e. large scale non-homogeneities we have to the lowest
order

Bp(r,0)/pm(®) = pora(®)®/? [ B ™ dk.  (9.29b)

This solution is non-singular for r =0 whereas in [Isr 94] spherically
symmetric perturbations are considered by the use of general relativity yielding
a singularity at r = 0. Hence, the density contrast in the matter dominated
universe increases faster than by the use of general relativity (see e.g. [Bar 80],
[Isr 94]). In these articles it is proved that the density contrast increases at most
linearly with the function a(t).

Let t; be the time of the decoupling of matter and radiation. Then, relation
(9.29b) yields

2\
8o, )/ o () = B0 (r, ) (t0) (22) (9.30)

It holds for adiabatic perturbations
18p(r, ta)/ pm(ta)l = 3IAT/T]qg- (9.31)

Here, AT denotes the temperature anisotropy of CMBR. The decoupling
occurs at a redshift z; (see e.g.,[Kol 90])

1/a(ty) =1+ z4 = 1100. (9.32)
The analysis of COBE-data show that the CMBR has an anisotropy of
|AT/T|4 =~ 1075 (9.33)
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on large scales [Smo 92]. Hence, relation (9.30) gives by the use of (9.31), (9.32)
and (9.33)

18p(r, £)/pm (D] = 3 - 1075(1100 - a(t))”/*. (9.34)
The time t where the density contrast is given by
1Ap(r, D)/ pm (D] = 1

implies a redshift z with

_ 2/9
1+2z=1/a() ~ 1100 (%) ~ 108, (9.35)

Summarizing, large scale structures can arise in the matter dominated
universe in accordance with the observed CMBR anisotropy. It is worth to
mention that for a density contrast greater than one non-linear perturbations
must be considered.

All these results with detailed calculations are given in the articles of
[Pet 95a] and [Pet 96a, 96b] where also further remarks can be found.

Spherically symmetric perturbations in a universe which contains an
additional field as source are studied in the article [Pet 97a].

In the paper [Gro 97] higher order approximations of density perturbations
are given as well in the beginning as in the matter dominated universe. The
results are based on numerical computations. Numerical computations of
spherically symmetric density perturbations in a universe with an additional
field are stated in the paper [Sch 97].

For the study of the early universe and structure formation by the use of
Einstein’s theory, e.g., the books of [Kol 90] [Pee 80] and [Pad 93] shall be
considered.

It should also be remarked that the theory of Einstein implies a too small
density contrast which yields difficulties to explain the large scale structures in
the universe as galaxies, etc.

http://www.sciencepublishinggroup.com 139






Chapter 10

Post-Newtonian Approximation in the
Universe






In chapter Vv the post-Newtonian approximation neglecting the universe, i.e.
in empty space is given. In this chapter post-Newtonian approximation in the
universe is studied. Here, we follow along the lines of article [Pet 00].

10.1 Post-Newtonian Approximation

The metric is the pseudo-Euclidean geometry given by equation (1.1) with
(1.5). The potentials are:

ujaﬂ, (i;=12,3)

Vi, (i=123;j=4)

(10.1)

. . . _\1/2 .
The matter tensor is given by (5.1a) without the factor (_—f}) in contrast to

the considerations of chapter V. In the following, we follow along the lines of
chapter V. Let us assume condition (5.5) and (5.6b). Again we get (5.6d).
Relation (1.12) with (1.13) implies by the use of (10.1)

atc _ 1 1 2p0,2
dT—1+CZU+2C2a h|v|*. (10.2)

The matter tensor has to post-Newtonian accuracy the form
T(M), =a’phv'v’ + pc?s;, (i;j=1,2,3)
=a’phcv' (1+EZ+B+12U +i2a2h\v\2j
c p cC c
4 i i
_Ea\/ﬁpv ,(1=12,3;j=4) (10'3)
=—pcv! [1+EZ+£+%a2hM2j,(i =4,j=1,2,3)
cc p cC

=—pC? (1+c52+ci2a2h\v\2j.(i = j=4).

Now, we can receive U, V; and S to post-Newtonian approximation in the
homogeneous, isotropic universe similar to chapter 5.1. It follows
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U=k gy (10.4)

2 —x1|

Here, the integral is taken over the whole space and p’ = p(x/', t), etc. We
introduce

X = —k?fp’lx —x'| d3x’. (10.5)
We get
_ ' vir 3.7 Ix L_xts 3 ’
Vi=kh[p d + 4k f P xl| . (10.6)

We introduce the potential

_ y(Wax—x") 3, 1adh
Y=—kh[p —dx+2\/_dt)( (10.7a)

where (v',x — x") denotes the scalar- product in R3. It follows

S=20%+25y+ [167tk (e 4 28r0) ZAczaz])(

(10.7b)
2 @ IRNAX) g3z ¥R VR
ta h{dt2 (3 a + 2 h) dt} 4ah ¢1 2 a ¢3 6 a ¢4
where ¢, ¢sand ¢, are given by (5.14).
10.2 Equations of Motion
The conservation law of mass (1.27) implies by the use of
* da 1 1
p*=p=pVh(1+5U +5a?h|?) (10.8)
too ( ) the well-known conservation law
2 y3 L (pv) =0 (10.9)
at =17k \P e '
Hence, the conserved mass m is
m= [p*(x’,t)d3x". (10.10)
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The equations of motion (5.35) use the Christoffel symbols I'(g)}, which are
omitted and can be found in the appendix of [Pet 00]. It is worth to mention that
we have no gauge problem in contrast to the theory of general relativity
considered by Shibata et al. [Shi 95] which implies some difficulties. To get the
equations of motion given by (5.35) to post-Newtonian accuracy the energy

tensor of matter T(M)** must be calculated to O(C%). Let us introduce the
velocity

. . 2
7t = a?Vhv! <1+C%(H+%+U+%a2h|v|2)>. (10.11)

Replace U of (10.4) by

Ut =k [ 2 a3y (10.12)

Put

a aY ah 3(hY) | ,(21Q, 23Q 21
A“’ﬁ{“[*[aj +§F+Z[F) j+H°(4a3+2a“_2QAj} (10.13)

Then, the equations of motion to 0 (iz) are (i=1,2,3):

[

a7 3 k 07"
o T 2=V %

1 dpc? 1 9U* 12,1 dpc?

T praxt | avhoxi ' cZa  p* 9xl

d3x’

|x=x

_1ikp S Ea)@ o) g (10.14)

2c2a |x—x,|3

1 o xi—xl o
+62A(t)kfp el d3x

1 pc :~'.|17|2 3,.,.\0U*
ta r(H+3\/_ e =2V )5

X

_ﬁﬁf |
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i i )
fp*llﬁllz a x,3d3x
=]

*; v Xt =xt d3

c2 aZ\/_f |x— xv|3

2 k
c?a3Vh

'

+ =

(B x—x)TY

+= d3x’
c2 a3\/ﬁf |x_xr|3

- 2
3 s (Ux=x) (x'xt) o3
+202 a3\/ﬁf’0 |x—x'|3 d°x

[prl L g3y

T2z oxt’ |x—x'| d°x

2C2 2\/5
+2C2 fo_fp (Zk 1(x _xk)axk)lx :I3d3x’

_iﬁfp*’{vi'("'rx—g) _ (xi _ xi') v }d3

lc—x| |c—x |

—-== ‘f (Vx x)d3x ——a\/_v (Zk 1vkaU i'U*).

oxk a

In the article [Shi 95] the special case p =11 = 0 is considered. Furthermore,
the two results of [Shi95] and the equations of motion (10.14) with (10.8)
cannot be compared with one another because the time-derivatives on the right
side in [Shi95] are not completely eliminated. In addition, the function h(t)
does not appear in Einstein’s cosmological models. By the introduction of the
proper time 7 given by (8.1) the function h(t) can be eliminated by

_i _ dvt i da _dadt _ ,
p=ty —N—le/_ 2= aVh. (10.15)

By multiplication of relation (10.14) with v/h and the use of (10.15) it follows
that h does not appear in the new equations of motion by the use of the proper
time ¥ which is used by general relativity.

It is worth to mention that the special case where the universe is neglected, i.e.
Qp=0Q,=Q,=0,a(t) =h() =1,

the equations of motion (10.14) are studied in chapter 5.1 where the explicit
form of the equations is not stated. In chapter V the energy-momentum (5.1) is
used to compare post-Newtonian approximation of flat space-time of gravitation
and of general relativity.
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All the calculations of the represented results in this chapter can be found in
the article [Pet 00].

10.3 Newtonian and Long-Field Forces

In this sub-chapter we will consider only the post-Newtonian long-field
cosmological expression

FY = %A(t)kfp*"lcxl:—;c:,d3x' (10.16)

c |

of the non-stationary universe and compare (10.16) with the Newtonian force

1 «! iy’ !
FY=——=k[p XX 3y, (10.17)

[x—x"|3

In the following we consider spherical symmetry with Euclidean distance r
from the centre of the body. We get

4mk (o I\ nl 1 (r\? ;42 SN &
FiU:A(t)%(fOrp (r)rz(l—g(%) )dr +3r o p (D dr)x?

and

N L Amk e a2 g X
F' = Tz do P (rHr'“dr —
Let us assume that the radius r is greater than that of the distribution of
matter and the post-Newtonian force expression (10.16) compensates the
Newtonian force. We get compensation of the two forces for

Pl (10.18)
Hence, it follows
1/2
r~ c/(a\/i_lA(t)) : (10.19)

Equation (9.3) implies that at present time t=0, i.e. a(0)=h(0) =
1,and A(0) ~ HZ. Therefore, the post-Newtonian force F/is only important on
very large scales.

Let us consider the universe at later times, i.e. in the future. Then, it holds
with
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= 1/(2)

for Hyt > H,yt, by the results of chapter VII the relations

a’(®) ~ (21 Q\?/n_) (Hot = H0t1)2/<3\/Q_A(Hot — Hoty) + \/Q_A) ) )

m

JR(D) = 3 (Hot — Hofy) + %

Hence, for
N 2
Hot — Hoty » (1 = /Qn) /(3Qm/ %)
we have
2
M)~ P (HoH)
4\/— \/_ oo (10.20)
Jh(t) z?’\} A (Hot =Hgh).
Elementary calculations yield
avVhA(t) ~ ?QAHgaz. (10.21)

Hence, we get by the use of (10.19)

ra |2 <4¢“_A(1 JW) et (10.22)
390, 30,2 Ho (Hot—Hyt,)1/3

Therefore, the radius where the two forces compensate one another is
decreasing with increasing time under the assumption Q, > 0.

The case Q, = 0 gives under the assumption (7.44b) by virtue of (7.45b) and
(7.46) the solutions for the universe

a (t)~— Eﬁj (Hot —Hof)%,

(10.23)

h(t) zl—éKo’ Q. =1
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Elementary calculations imply

aVRA(t) ~ 2 H} ~.

This result yields by the use of (10.19)
T %Hiw/a(t ~ ClHi (Hot — Hy)/3 (10.24)
0 0

with a suitable constant C;. Hence,the radius where the two forces compensate
one another is increasing in the course of time.

Therefore, the radius where two forces compensate one another are quite
different for the two cases. This radius decreases in a universe with A > 0 and
increases in a universe with A = 0 in the course of time.

Summarizing, it follows that in the neighbourhood of a spherically symmetric
body the large scale-structure in the universe is not important compared to the
Newton force of this body. These results are also contained in the article
[Pet 00].
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Chapter 11

Preferred and Non-Preferred Reference
Frames






11.1 Preferred Reference Frame

In this sub-chapter the preferred reference frame X' is shortly stated. In this

frame X' the metric is the pseudo-Euclidean geometry, i.e.
(cd1)? = (ds")? = —n dx* dxV
with
M1 =Nz =n33" =1, M4 = —1, 771{j = 0 (i=#j).
In addition, the inverse tensor n*' is given by
nhen*) = 6.

It follows

7711, — 7122, — 7133’ — 1'7744, — _Lnij’ =0 (i#)).

Letw’' = (wl,wz',wz’) be a constant velocity vector and put

o\ —1/2
y=(1— ) .

Then, the Lorentz-transformations

wI

Cc

(x'wr)
lwr|?

=+ -1 wi' +ytw (i=1,2,3)

ct' =y (ct’ + (x’, WT')>

(11.1a)

(11.1b)

(11.2a)

(11.2b)

(11.3)

(11.4)

do not change the line-element (11.1). All the quantities in ' are subsequently

denoted with a prime and we put

x* = ct'.
The inverse formulae are
ir _ it K W) i
X' =x"+(-1 ‘ ‘2 w' —pt'w" (1=1,2,3)
W
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Hence, the transformations (11.4) and (11.6) give the possibility to transform
a known event in X' into the same event moving with constant velocity w' in Z'.

These are the well-known results of special relativity but the transformations
(11.4) and (11.6) are always in in the same frame X' in contrast to the
interpretation of special relativity where the transformations give the same
result in a uniformly moving frame with velocity w'.The light velocity in the
preferred frame X' is always the vacuum light velocity c.

11.2 Non-Preferred Reference Frame

Let us now consider a reference frame X which moves with velocity —v' =
—(Y,v?,v%) relative to the preferred frame X’. All the results of this sub-
chapter can be found in the article [Pet 86].

The non-preferred reference frame X is received from the preferred frame %’
by the transformations

i _ i (i— 4 _ 4" v
xi = x' (i=1,2,3), x* = x (x , C). (11.7a)
The inverse transformation is
xU' = xt, (i=1,2,3), x* = x* + (x, %’) (11.7b)

The metric follows from (11.1). We get

v i’ -
Nij = 8ij ——— (;j=1,2,3)

5] c

=Y (1,23 j=4)
Cc

(11.8a)
=Y (i=1;j=1, 2, 3)
c
- 1. (i=j=4)
with
(cdr)? = —npdx*dxt. (11.8b)

The inverse has the form
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n''=s5" (i;j=1,2,3)
=—— (i=123j=4)

= —V—j’ (i=1j=12,73) (11.9)

=—(1—“’—' ] (i=]j=4)
C

Elementary calculations give the absolute value of light-velocity

vl = ¢/(1 = [%|cos) (11.10)

where 9 denotes the angle between the vectors v;of light-velocity and v'. Hence
the light-velocity is anisotropic.

We consider the Michelson-Morley experiment. Let [ be the length of the
arms of the apparatus. Then, the total time for the travelling of the ray is

t = é{(1 = [#| cos9) + <1 - |"7| c0s(180° — 0))} =2 (1)

Therefore, the null-result of Michelson-Morley is received. The
transformations (11.7) give the result of an event studied in the preferred frame
X' for the same event as it would appear in the non-preferred frame X and vice
versa.

We will now study the transformations in £ which correspond to the Lorentz-
transformations in X', i.e. they transform an event in X as it appears in X when it
has the velocity w' measured in ’'. We have the formulae (11.7) and for the
moving object the same transformations hold, i.e.

7' =5 (i=123), ¥ =7 + (x"?) (11.12)

The transformations (11.7) and (11.12) yield from the transformations (11.4)
by elementary computations the result
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7l = i oy @wn iy awh v
r=xt+y-1) oz W +yxt— +y(x,c

” =y(x4 +(x,%'j]_y(x4 +(x%))(%vﬂ (11.13a)

x,ﬂ'j
H(r—1) (x,"—j —(—Cz(w’,v’) .
¢/ |w]

)¥(1.23)

The inverse formulae are
i miggy, _ ANEWD g gwh v\ wh e
xt=x+(y—1) TERA. S y(x, C) - (i=1,2,3)

A GED)
N
+r 1) [XVE)‘ \w’\i W

Any event computed in X at rest can be calculated inX when it moves with

velocity w'.

The four-velocity in Z is
daxt dt (dx' dx? dx3
(E) - E(F’F’F)
and in 2’ the four-velocity is

(dxir) _du
dvr )~ dwr

The last two relations give by the use of (11.7) and the standard

transformations for the velocities in £ and X':
1
(11.14a)

(dxl' dx?' dx3’)
datr ’ dtr ’ der )’

dx _ dx/
dt ~ dtrq_(1dx' v’
1 (cdt”c)
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dxr _ dx 1
av ~ dt 14(1Z ) (11.14b)

cdt’c

. dxV ;
In the special case that = = v we get

v_ v 1 vr_ v 2

ST Cafunap) (11.15)

We will now give the transformation formulae for computing in the frame £
an event which takes place in the frame X'. In the frame X the frame X’ is
described by the velocity w' = v' in the formula (11.13), i.e.

g =x +(7/—1)(X’—V2)v” +7x“v—+y(X,V—jv— (i=123)
v c c)c
(11.16)

corfefit)

The transformation law from X to ¥’ is given by (11.7a) which implies

K =x"+( 1)(,V’)v"+ x¥ (|_123)

v’ (11.17a)
- }/71X4,.
The inverse formulae are given by
N N e GO P Sy R PX)
v | c (1.17b)
x¥ =yt

The formulae (11.17) are given at first by Tangherlini [Tan 61] and later on
by Marinov [Mar 80]. Marinov stated the measurement of the velocity of the

~3 in agreement with the observed velocity relative to the

CMB. Hence, we can identify the Earth with the non-preferred frame Z and the
CMB frame with the preferred frame X'.

All these results can be found in the article of Petry [Pet 86]. Furthermore,
the paper contains in the non-preferred frame X the equations of Maxwell in a
medium, the equations of motion of a point particle in the electro-magnetic field.
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In addition, the experiments of Hook and Fizeau are studied being in agreement
with the observed results. The Doppler-effect is also studied in the reference
frame X. All these studies are omitted here.
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In this sub-chapter for some recently received experimental results theoretical
essays are given to explain these results.

12.1 Anomalous Flyby

In this chapter an explanation of the anomalous Earth flyby is given. We
follow along the lines of the article [Pet 11b]. Let us consider an observer in the
preferred reference frame X' of the Earth. The boundary of the Earth is

X'=R (sin (2?11 t’) cos Yy, —cos (Z?H t') cosVy, sinﬁo) (12.2)
where R denotes the radius of the Earth and T is the time of one day. The

velocity of the boundary is given by

dXxr  2mR 2m . (2@ ,

ol % (cos (?n t ) cos?Yy, sin (?ﬂ t ) cosdY, 0). (12.2)
The velocity of a distant object (spacecraft) moving relative to the observer in

¥’ can be given by

Z: = |w'|(cos@cost, singcos?, sind) (12.3)

where ¢ and ¢ are fixed.

The motion of several space-crafts during the near Earth flyby shows an
unexplained frequency shift which is interpreted as unexpected velocity change
called Earth flyby anomaly. Let us now consider an observer on the boundary of
the rotating Earth, i.e. in the non-preferred reference frame £ moving with
velocity

y __axrs

= (12.4)

The proper- time in this frame is by the use of (11.8)
(cdz)? =—|dx" + (V; dxj + 2("' ,dx] dct + (dct)?

C

’ 2 (12.5)
_—dx2+[1+(",1‘”‘D (dct)’.
c cdt
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Therefore, the transformations from the preferred reference frame X' of the
non-rotating Earth into the preferred frame X of the rotating Earth can be given
by (compare (11.7))

dxt’ = dxt, dx* = dx? (1 (% lﬂ)) (12.6)

c’cdt

Let k' = (kq, k3, k3, k4) be the wave four-vector of a plane wave in X’ then
the corresponding wave four-vector k = (kq,k,, k3,k,) In £ has by the
transformation rules

u R
k, = kz'% (i=1,2,3,4)
the form

ki =k (=1,2,3), k, = k4’(1 + (% 1‘“‘)).

c’cdt
The last relation gives for the frequency v on the rotating Earth

v=v(1+(21%)) (127)

c’cdt

where v' is the frequency measured in X', In the frame X' the well-known
Doppler-frequency formula

' ’ 1dxr y dxr
= 1 |__  axt
v YVo ( + pTS cos vl’dtl

holds where

1dx’ ~1/2

cdt’

2
r= ()
and (v{ ; %) denoted the angle between the light-velocity v, and % Therefore,

we have in X by the use of (12.7) for the arriving frequency v of the photon
emitted by the moving object

V=" (1 + |c awr| €08 (vl' dtl)) (1 + (c ¢ dt)>'

This yields the frequency shift

v=vr y (17_’ 1%) (12.8)

Vo! c’cdt
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Let the indices *, and %, mean after and before the perigee. Then (12.8)
gives for the two-way frequency jump

Av o Va! 1d%a) _ (V! 1dXp
2v01~2{(c'c dt) (c’c dt)} (12.9)
Let us now assume that for distant objects

~ |dxb| ~ |W|

|dxa
dt

dt

We now apply the result (12.9) to the rotating Earth with velocity (12.4) with
(12.2) and a distant object moving with velocity (12.3). It follows

Av

(12.10)

| |@(;05190 {60519 cos (—t - §0a) — cosvj,cos (2?” tp' = q)b)

where t" is the time when the photon emitted at the distant object arrives at the
observer. For the special case

2, 2T
Tth = Par o th = P (12.11)

formula (12.10) gives the two-way frequency jump

2TR

2— ~ | |—c05190(60519 — cosVyp). (12.12)

Hence, an observer at the poles, i.e. 9, = igdoes not measure a frequency

jump. Furthermore, there is no frequency jump when the spacecraft moves
symmetrically about the plane of the equator, i.e. 9, = —9,.

It is an open question whether the formula (12.12) or the more general
formula (2.10) may explain the anomalous flyby of all the different spacecrafts.

It is worth to mention that the measured frequency jump doesn’t imply a
jump of the velocity of the spacecraft passing near the Earth. This may be the
reason for the difficulty to explain the anomalous Earth flyby. The idea that the
rotation of the Earth may explain the flyby anomaly is at first stated by
Anderson [And 08]. It is worth to mention that the formula in [And 08] agrees
with formula (12.12) for 9, = 0, i.e. the observer is on the equator.
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A great value of the flyby anomaly is measured by the spacecraft NEAR. The
spacecraft ROSETTA showed in the years 2007 and 2009 no flyby anomaly
(see e.g. http) whereas the formula in [And 08] predicts a small jump. It may be
that formula (12.12) implies a very small frequency jump of ROSETTA if the
observer has a suitable declination 9,. Mbelek [Mbe 08 ] also studies the
rotating Earth by the use of the transverse Doppler effect of special relativity
and by some non-standard considerations.

General remarks about the problem of explaining the flyby anomaly can be
found in [http].

12.2 Equations of Maxwell in a Medium

We consider a reference frame for which the pseudo-Euclidean geometry
holds. The equations of Maxwell in empty space have a simple form and are
derived from a Lagrangian. In a medium magnetic permeability and electric
permittivity exist. The equations of Maxwell in a medium are also well-known
but they cannot be derived as in empty space.

In addition to the pseudo-Euclidean metric a tensor of rank two is stated with
which the proper-time in a medium is defined. The theory of Maxwell now
follows along the lines of empty space. We follow the article of Petry [Pet 10b].
Similar considerations can be found in the book of Hehl et al. [Heh 03] in the
chapter about the metric by an alternative method.

We start from the pseudo-Euclidean metric (1.1), (1.4) and (1.5). The
equations of Maxwell in a medium are well-known and are stated in many
textbooks. They have the form

10D _ 4w, ..
rot H — e J, div D = 4mnp, (12.13a)
rot E+222=0,divB =0 (12.13b)

with the electric current density j = (J%,J%,J3) and the electric charge p. We
assume a simple medium with electric permittivity € and magnetic permeability
u. The connection between electric and magnetic fields E and B and the derived
fields D and B is given by

D =¢E, B=uH. (12.14)

The absolute value of light-velocity in a medium is
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vl = c/\en == (12.15)

n

where n is the refraction index of the medium.

We now define in analogy to the theory of gravitation in flat space-time in
addition to the metric the tensors

. 1
(gi]-) = udiag (1,1,1, _5) (12.16a)
with the inverse tensor
gy = L g; _
(97) ﬁdlag(l,l,l, gu). (12.16b)

The proper-time in the medium is given by
(cdr)? = —gjdx*dxt = —\/H(Idxl2 - i(dct)z). (12.17)

We get from (12.17) by the use of dt = 0 the light-velocity (12.15).

Let A4; (i=1,2,3,4) be the electro-magnetic potentials and define the anti-
symmetric tensors

F, = i (12.18a)

T oaxi axJ
Furthermore, we define the tensors
Fii = gikgitR,, (12.18b)

and let] = (J1,J2,J3,]%) be the electric four-current density. We consider the
covariant differential equations

9 ki _ AT e

b =—J (iF1,2,34) (12.19a)
2 g+ 2 p 4L Fy =0 (ijk=1234) (12.19b)
axk U T gi Tk T G Tkl T J.K=1,2,5,4). .

It immediately follows by the definition (12.18a) that the equations (12.19b)
are fulfilled.

The electric field E and the magnetic field B are defined by
E = (Fy1,Faz2, Fy3), B = (F32,Fi3,Fa1) (12.20a)
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then, the differential equations (12.19b) are identical with the equations (12.13b)
of Maxwell.

Put for the derived fields
H = (F3% F13 F21) D = (F14 F2% F3%), (12.20b)

Then, the differential equations (12.19a) are identical with the equations
(12.13a) of Maxwell. It follows by (12.20) and (12,16)

H=—B, D=¢E. (12.21)

Hence, we have received a reformulation of the equations of Maxwell in a
medium similar to the equations of Maxwell in empty space.

Since the relations (12.19b) are fulfilled by the use of (12.18a) the potentials
A; must be calculated by relation (12.19a), i.e., for constant values of p and ¢

) 04A; dA i=
_mgmk (_ — k) = 4—ﬂgik]k. (|—112’314)

ox axk  oxt c
By the use of the Lorentz-gauge
d
the relation can be rewritten in the form

L(gmk %) — %"Qik]k_ (i=1,2,3,4) (12.23)

oxm dxk

Hence, we get four differential equations (12.23) with the gauge condition
(12.22) for the four potentials 4; (i=1,2,3,4).

The Lagrangian for the electro-magnetic field is
Lp = = F¥Fq + T A" (12.24)

with the definition (12.18). The energy-momentum tensor of the electro-
magnetic field has the form

T(E); = L (F*Ey, — L8/ F*F). (12.25a)
The tensor

T(E)Y = g/*T(E)} (12.25b)
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is symmetric.

The equations of motion of a charged particle in the electro-magnetic field
follow from the conservation law of the whole energy-momentum, i.e.

7]
ﬁ(T(E)ﬁ‘ +T(MF)=0 (12.26)
with
T(M)} = p(E)gjr o am (12.27)
where p(E) denotes the charge density.

All these results can be found in the article [Pet 10b]. The equations of
Maxwell in a medium are also studied in a non-preferred reference frame (see
sub-chapter 11.2).

12.3 Cosmological Models and the Equations of Maxwell
in a Medium

We will now state a combination of electrodynamics in a medium (chapter
12.2) and the universe given by the use of absolute time t’ by formula (8.6). The
proper time in the universe is given by (8.6). In chapter 12.2 the used time t is
the absolute time for the equations of Maxwell and in the universe the time t’ is
the absolute time. Therefore, it is ingenious to use in this sub-chapter for the
equations of Maxwell in the universe the absolute time t'.

In the following we put as combination of chapter 12.2 and of the universe
for the potentials of electrodynamics in a medium and of gravitation

(95') = a*(¢ )i diag (11,1, - ) (12.284)
with the inverse tensor
ity 11 .
(gu ) == diag(1,1,1, —eu). (12.28b)
Then, the proper-time t has the form

(cdr)? = —a? i (|dx|? - i(dct’)z). (12.29)
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The absolute value of light-velocity is again stated by (12.15). The metric is
by the use of (8.5):

(ds)? = —(|dx|? — (a%h)(dct)?). (12.30)

In the following, the covariant derivatives relative to the metric (12.30) are
used.

Define
G' = det(g;;"), n' = det(n;") (12.31a)
and use the tensor (g;;) given by (12.16). Put
G = det(g;;), n = det(n;;). (12.31b)
Furthermore, we use the pseudo-Euclidean metric (1.1) with (1.5).

Let A; be the electro-magnetic potentials and define by the use of the
covariant derivatives relative to the metric (12.30) the electro-magnetic field
strength by

It follows

F,o=24 _ 04 (12.32b)

U T gxi axJ
In addition, to the relations (12.32) we define a tensor FU’ (see chapter 12.2):
Fi' = gik'gil'F,,.

The covariant equations of Maxwell are given by

() ) =) 288 q23%)

-n’ /k c \-n
In addition we have the covariant equations
Fijjie + Fjgji + Frizj = 0. (12.33b)

The equation (12.33b) is identically fulfilled by virtue of (12.32a). We get
from (12.28) and (12.16)
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(7)) =5(g"), 6¢'=-a, 6=-"1 n'=—a’h n=-1

The equations of Maxwell (12.33a) can be rewritten

k1 _kmin 4”“ i i
(E—=g"mg an)/ Bl (=1,2:3.4)
We define for i,j=1,2,3,4 the tensor (in analogy to chapter 12.2):
Fij = gikglekl- (1234)

Then, the equations of Maxwell have the form
u 1 i 4n'u .
Gamf), = T4 #1234 (12.35)

The only non-vanishing Christoffel symbol of the metric (12.30) is
(avh).

Fys = a\/_ dx‘*l

Therefore, the equations of Maxwell are

a 4
LT (B ghm g Ey ) = LI (i=1,2,34) (12.36)

The definitions (12.18) and (12.20) give again the relations (12.21).
Furthermore, the equation of Maxwell (12.36) has for constant u and n the
form

rot H—222 =2 (aVh]), divD="(avh)*)  (12.37a)

coat’
where ] = (J1,J2,73) and p(E) = avh J*.
The relations (12.33b) are rewritten in the form
rot E+22 =0, divB =0. (12.37b)
The conservation of the streaming vector
J* =0
has the form

%(a\/ﬁj") =0. (12.38)
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The equations (12.37) and (12.38) are the equations of Maxwell in a medium
where (12.21) holds and which is contained in the universe. They are given
relative to the metric (12.30).

12.4 Redshift of Distant Objects in a Medium

Here, we follow along the lines of article [Pet 13a]. We assume that the
proper-time t is given by (12.29) where t' is the absolute time in the universe.
We get by the use of (12.29) for an atom at rest which emits a photon at time ¢,’

M1/4
dr = a(t,") ;_ dt'. (12.39)

Here, n, and p, mean the refraction index and the permittivity of the medium
in which the photon is emitted.

This means that the emitted frequency at time t,’ is given by

1/4
V(te’) — a(tel) H:Le Vo (1240)

where v, is the frequency emitted by the same atom at rest, at present time ¢
and without medium. The photon moves to the observer. The equations of
motion (1.30) imply for i=4

d ( ,dxkl) _ 10gy dxFrdxtrdtr
av \Jak g7

T 2 8ctr dtr dtr dr
We assume that the refraction index and the permittivity are depending on
space but not on the time. This is justified by the equations of Maxwell (12.36)
with the notations (12.32), (12.34), (12.16) and (12.21). Hence, we have

d( ,dctl)_ada 1/2 |dxl|2 (c)z dtr
av \944 7 acer P der n) ) dr

It follows by the use of (12.29)

1/2
dr _ oa/al((e\? _ 2
der ap c ((n)

We get by the substitution of this relation into the above equation

d ydctr da c\?2 1/2
hadl — _1/a8a ey _
ctr (944 dt ) = TH dat’ ((n)

dxr
datr

dx’
dt’

Y
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for the velocity of light, i.e. the energy of the photon during its motion is
conserved. This means that the frequency is not changed by the use of the law
of Planck. Hence, the frequency v which arrives at the observer is

v = vt = at) ey,
This yields the redshift

z=%—1=$%—1, (12.41)
Taylor expansion of a(t) yields

a(ty) = a(ty) + alte)(ts — to') +5dte )t — t) +

It is assumed that the photon’s path from source to receiver is only a small
fractional part that is within the medium, i.e. by virtue of (8.14) it holds

t, — t) = —Z. This implies by the use of the initial conditions
C
Ne 1 g Ty dden g\
a(te) =1—Hog+372 (HOC) + (12.42a)

Relation (8.15) yields by the use of (7.17), (7.28) and Q, < 1

U ~2-2q,, (12.42b)

H§

The redshift (12.41) is by the use of (12.42) given in the form
z= ‘u1/4 1 + 1/4 (HO )+ Qm 1/4 (HO ) . (1243)

The redshift formula (12.43) gives the whole value of the redshift. It follows
partly from the universe and partly from the medium in which light is emitted.
An intrinsic redshift is discussed by several authors who neglect an expanding
universe. (see e.g. [Fah95] ). It is shown in the articles
[Pet 97],[Pet 07], [Pet 11a], [Pet 13b] that the redshift in the universe can
also be interpreted with the aid of the different kinds of energy which are
transformed into one another in the course of time as stated in chapter VIII. The
interpretation of an expanding space is not necessary. An extensive study of a
non-expanding universe exists, too (see e.g. [Fah 95], [Ler 05 ],[Alf 10]).
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Let us assume for the refraction index n and for the permittivity the
representation

ne= 1+An, p,=1+Apu
Then, we get from (12.43)

1 1 e r\ . 3 e \2
z=An—2Ap+1 (00 + u;/“ (Ho®) +—QmF(HOZ) + - (12.44)

4

Discussion:
(1) Relation (12.43) or (12.44) implies for a fixed redshift of a galaxy

(quasar) in a medium that the distance to this object is in general, i.e.
e > 1’

pl/

smaller than without medium.

(2) The linear Hubble law can give an overestimate of the Hubble constant
which depends also on the different media.

(3) Quasars may be nearer by the use of (12.43) or (12.44) than by the
standard Hubble law. This yields that the measured energy emitted from
these quasars is smaller than generally assumed.

(4) Two galaxies (quasars) in different media can give the same redshifts
although the distances to these objects are different.

(5) Galaxies and quasars with nearly the same distances can have quite
different redshifts which depend on the media in which light is emitted.
Measurements confirm this result (see e.g., [Arp 88], [Fah 95]).

(6) It may be that dark energy is not necessary, i.e. Q, = 0 because formula
(12.43) or (12.44) may explain the redshifts of galaxies, of quasars, too.

Furthermore, there exists no age problem for the universe because the
absolute timet’ must be used instead of the proper-time 7 (see (8.19)).

12.5 Flat Rotation Curves in Galaxies with Media

In this chapter we assume that every object, e.g. Earth, Sun, galaxy, quasar,
etc. is surrounded by a medium. Furthermore, let us omit the universe, i.e. the
objects are not too far from us. In addition to the object we consider the
surrounding medium. In the following, only the approximations of Newton are
used. Hence, we have a(t) = h(t) = 1 implying by the use of the Newtonian
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approximation the line-element of the pseudo-Euclidean metric and the proper-
time

(cdr)? = — (ldx|? - (5 - ZU) (dct)?). (12.45)

Here, the Newtonian potential is given by (2.32) with (2.31) in the exterior of
the object:

U= "% (12.46a)
Furthermore, let us assume that the refraction index is of the form
n=1+An (12.46b)
with
0<An <« 1. (12.46c¢)
This yields the approximate proper-time
(cdr)? = — (|dx|? - (1 - 2an — 2 U) (dct)?). (12.47)
The equations of motion (1.30) give to the lowest order
ixi 16g44 2 i=
az  20xl © (i=1,2,3)
i.e. we get
d?x! _ 9Anc?
= o ax‘ (i=1,2,3). (12.48)
Standard methods yield the result
1d |dx|?> _ d 2
Salzel = E(Anc +U). (12.49)

Furthermore, we get an anomalous acceleration into the radial direction

b(r) = 240, (12.508)
We will now assume the simple form

An = b, (1 _3r,1 (1)2) (12.50b)

271y 2 \ry
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with 0 < by «< 1 and where 1y is the boundary of the medium. It is assumed
that the boundary of the medium r, is great compared to the boundary of the
body. A solution of (12.49) is given by

2
|5 = 2anc? + 2v (12.51)

where the constant of integration is set equal to zero. This result gives the
rotation curves, as e.g. of galaxies, of stars etc. The derivation of this result
doesn’t correspond to the usual one of rotation curves but it has regard to the
refraction index.

The equations (12.51), (12.50) and (12.46) give the rotation curves and the
anomalous acceleration

1/2

ax| _ 2(1 37 1(r\? 12.52
£ —<2b0c (1 Z)ro+2(r0) )+zu) (12.52a)
and
boc% (3 T
b(r) = _2_0(5_5)' (12.52b)

It is worth to mention that for » « r, equation (12.52a) gives the well-known
flat rotation curves.

The results (12.52) are applied to the Sun system and to galaxies:

(1) Sun system: We consider the Pioneers which give an anomalous
acceleration (see e.g. [And 02]):

gcm

a, ~ 8.74- 10" (12.53)

s2

into the direction to the Sun. There is an extensive study of the
anomalous acceleration which is confirmed by several authors. Recently,
Turyshev et al. [Tur 11] measured a decrease of the anomalous
acceleration. This supports the explanation of an anisotropic emission of
on-board heat which is also discussed by [And 02] and by many
otherauthors.

Relation (12.52b) gives an anomalous acceleration to the Sun which
implies by the use of (12.53) with r ~ ~ry (ry in cm):

by ~ 8.74 - 10—8% ~ 0.9 - 10728y, (12.54)
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The result (12.52b) with (12.54) gives an anomalous acceleration which
also decreases with the distance from the centre of the Sun. Hence, we
have a quite different interpretation of the Pioneer anomaly without an
anisotropic emission of on-board heat although the anisotropic emission
is the presently accepted interpretation.

There are no flat rotation curves for the planets moving around the Sun
by a suitable boundary r,of the medium. This follows by formula
(12.52a) with (12.54).

(2) Galaxies:Many galaxies show flat rotation curves (see e.g. [San 86]).
This result was already observed by Zwicky. Many authors assume dark
matter to explain this result. But there are also other alternatives to
explain the flat rotation curves. Milgrom [Mil 83] suggests a modified
Newton law.

In this chapter the rotation curves are given by the use of (12.52a), i.e.

1/2

] = (2boc? (1 =22+ 1(2) ) +20) (12.55)

219 2 \rg

Here, the last expression under the square root yields the well-known rotation
curves. Let us assume that ry is very large then the condition

boc? > U =a (12.56)
gives flat rotation curves. The luminal mass of many galaxies is
M = al10'°Mg = 2a10% g (12.57)
with a suitable constant a depending on the galaxy.
The observed distance r where flat rotation curves arise is given by
r>7-1022 cm (12.58)

with a suitable constant #. Relation (12.56) yields for flat rotation curves the
condition

bo = 1.52107. (12.59)

This implies by the use of (12.52a) flat rotation curves with velocity
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lv| =>c-1073 /30%. (12.60)

The inequality (12.60) gives the correct order of the velocity of flat rotation
curves of galaxies. But every galaxy must be studied separately in detail.

Hence, the results about flat rotation curves of galaxies imply by the use of
surrounding media the correct order of the measured velocities. Surrounding
media of galaxies may therefore explain flat rotation curves without the
assumption of dark matter. Contrary, all the dark matter contained in galaxies is
not enough to explain all the dark matter in the universe. Therefore, media give
the possibility to explain the results without the assumption of dark matter.
Hence, we may ask whether media can be interpreted as the assumed dark
matter.

Let us compute the density of dark matter produced by the reflection index.
The law of Newton

1.d( pdAnc® _

EE(T ar )_ 4mkpa (12.61)
where p; denotes the density of the assumed dark matter implied by the
refraction index (12.50b). We get from formula (12.61):

bc? 11

Py = 3@5;(1 —%) (12.62)

The boundary of the dark matter is the radius r, given by (12.50b).The mass

of the dark matter is by the use of (12.62)
4

2
My =" [r2pydr = bg; To- (12.63)

Hence, it follows by the use of (12.54) that the assumed dark mass of the
surrounding Sun is small compared to the mass of the Sun. But the dark mass of
surrounding galaxies is for sufficiently large radius romuch greater than the
luminous mass of the galaxy by virtue of (12.57), (12.58) and (12.59).

The density (12.62) of the assumed dark matter would give a singularity in
the centre of the body but it is worth to mention that the medium surrounds the
body and it is not the assumed dark matter.
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